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Fuzzy Controller Design From a Practitioner's Point of View: 
The Review Of Methodologies 

Dr. Leonid REZNIK Anthony LITTLE 
Department of Electrical and Electronic Engineering 

Victoria University of Technology 
P. 0. Box 14428 MCMC 

MELBOURNE VIC 8001 AUSTRALIA 
Phone: +(613) 9688 4079 
Fax: +(613) 9688 4908 
Email: leonreznik@vut edu. au 

Abstract 
This paper is one of the series which attempts to provide the reader with some practical guidelines on how to design a 
fuzzy control system and how to choose its structure and parameters. Attention is mainly given to a practical side but not 
to the development of the mathematical theory of design. The paper briefly reviews the design methodologies applied up 
to date in fuzzy controller design and classifies the design approaches. The design process is roughly divided into two 
stages: an initial choice of a controller structure and parameters and then their further tuning. At the first stage the 
recommendations are given regarding the choice of the structure, scaling factors, rules and membership functions. 
Different methodologies such as neural networks, genetic/evolutionary algorithms are considered at the second stage. 
The ideas about the future development in fuzzy controller design are presented in the conclusion. 

1. Introduction 
Due to a large number of successful applications fuzzy 
logic controllers (FLCs) have grown up from exotic 
strangers to effective tools , applied for solving various 
problems in different areas. FLC design from a rare 
activity of a few researchers has turned into an everyday 
job of a considerable number of designers. This process 
must be accompanied and supported by the development 
of the FLC design theory and technology. In 1990 C.-C. 
Lee stated in his survey [6] that "there is no systematic 
procedure for the design of an FLC". In 1993 another 
author [ 1] asserted that "the design methodologies are in 
their infancy and still somewhat intuitive". This paper 
reviews the current situation in the FLC design and based 
on the experience gained to provide the practitioner, who 
wants to design and apply a FLC, with some advice how 
to do it. 

The first part of the paper (p.2-4) briefly describes a FLC 
design process and classifies design approaches applied up 
to date. The second part (p.5) gives some advice about the 

initial design and choice of the structure and parameters, 
and the third part (p.6) about the methods of their further 
adjustment and tuning. The results are summarised and 
presented as practical recommendations on FLC design in 
p.7. 

2. Fuzzy controller design process: 
step by step. 
A fuzzy controller design process contains the same steps 
as any other process of practical design. One needs to 
choose initially the structure and parameters of a FLC, test 
a model or a controller itself and change the structure 
and/or parameters based on the test results. One may see 
that an actual design process consists of choosing the 
controller structure and some parameters (a synthesis of 
the controller) and evaluation of their influence on the 
controller stability and performance (an analysis of the 
controller). The processes of the analysis and synthesis are 
interrelated and interdependable on each other. The 
process can be divided roughly into two steps: an initial 

(high effort) 
Figure 1. A fuzzy controller design process 
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choice of the structure and parameters and the following 
adjustment based on the analysis (Fig. 1). Because of a 
large number of parameters to be determined and an 
incompleteness of a design theory the first step in a fuzzy 
controller design is characterised by a high subjectivity 
degree, and as a result of that the second step may require 
a high effort to be implemented. 

3. What does one need to design a 
FLC? 
Fig. 2 represents the basic structure of a FLC. The set of 
the principal design parameters as formulated in [6] as 
follows: 

1) fuzzification strategies and the interpretation of a 
fuzzification operator (fuzzifier), 
2) data base: 

a) discretization/normalization of universe of 
discourse, 
b) fuzzy partition of the input and output 
spaces, 
c) completeness, 
d) choice of the membership function of a 
primary fuzzy set; 

3) rule base: 
a) choice of process state (input) variables and 
control (output) variables of fuzzy control rules, 
b) source and derivation of fuzzy control rules, 
c) types of fuzzy control rules, 
d) consistency, interactivity, completeness of 
fuzzy control rules; 

4) decision making logic: 
a) definition of a fuzzy implication, 
b) interpretation of the sentence connective and, 
c) interpretation of the sentence connective 
also, 
d) definitions of a compositional operator, 
e) inference mechanism; 

5) defuzzification strategies and the interpretation of 
a defuzzification operator(defuzzifier). 

This set of parameters is complete and includes all 
parameters of a FLC. In theory to design a FLC one has to 
choose all these parameters. In practice, however, the 
situation is different. The main reasons for this situation 
are that either even nowadays the literature contains no 
results representing the influence of some of the 
parameters (e.g. definition of a fuzzy implication) on the 
FLC performance, or a designer considers their 
determination as may be theoretically important but 
practically not essential. For example, a very good review 
of the fuzzy processing methods is available [see 16] but a 
practitioner commonly does not care about this choice and 
takes the method recommended in the design package. On 
the other hand, the same or similar effect can be reached 
by modifying different parameters of a FLC. So in 
practice, a FLC designer usually needs to make a choice 
of: 

1) a structure, inputs and outputs of a FLC, 
2) input and output scaling factors, 
3) input and output membership functions, 
4) rules. 

4. Design approaches 
classification. 
Basically all the approaches to FLC design can be 
classified as follows: 

1) expert approach, 
2) control engineering approach, 
3) combined approaches, 
4) intermediate approaches. 

The first approach originates from the methodology of 
expert systems. It is justified by a consideration of a FLC 
as an expert system applied to control problem solving. In 
this approach fuzzy sets are applied to represent the 
knowledge or behaviour of a control practitioner (an 
application expert, an operator) who may be acting only 
on the subjective or intuitive knowledge. All the 
theoretical and practical methods of knowledge 
acquisition developed in artificial intelligence and other 

r------------------------------------------------------------------------------

inppt 
members~ip functions 

. . 

~ 
fuzzy 

Fuzzification 
input 

Knowledge Base Controller 
Data Base Rule Base ······-·······-----········-·-···- ·· 

'-
/ 

RMes 
T~ble 

·-.r.-· 

Inference Engine 
fuzzy 

output 

' 
output 

membersh;p functions 

··. :_ .. -

'-
/ Defuzzification 1--

-------------------------------------------------------------
crisp crisp 

input output 

Process or Object under Contru 1/ 
I' 

Figure 2. The fuzzy logic controller (a basic structure) 

I 
I 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I ----' 

Summer1995 Australian Journal of Intelligent Information Processing Systems 



sc~ence~ are. to. be pr~cticed here. One should note that by 
usmg hngmstlc vanables fuzzy rules provide a natural 
framework for the human thinking and knowledge 
formulation. Many experts find that fuzzy control rules 
provide a convenient way to express their domain 
knowledge. So cooperation with the experts will be easier 
for a knowledge engineer. This approach was very popular 
in design of pioneer FLC 's. 

In a pure expert approach the choice of the structure 
inputs, outputs and other parameters of a FLC is th~ 
whole and solemn responsibility of the expert(s). 
Moreover, the supporters of this approach (not numerous, 
nowadays) warn against further parameter modifications, 
pointing out that such adjustments can change the 
expert's prescriptions and jeopardise his/her instructions. 
Changing, for example, the scaling factors and/or 
membership functions may result in loosing original 
linguistic sense of a rules base. The experts may not 
recognise their rules after tuning and will not be able to 
formulate new rules. Generally speaking here an expert 
system is designed. This expert system is specified for 
control applications and, after the design is completed, 
operates as a FLC. In this approach any structure and set 
of the parameters of the FLC can be chosen. 

The supporters of the control engineering approach 
consider the first one as too subjective and prone to errors 
and try to make a choice based on some objective criteria. 
This approach proposes to design a FLC by investigating 
how the FLC stability and performance indicators depend 
upon different FLC parameters. Thus this approach 
clearly incorporates the analysis of a FLC as one of the 
important stages of design. To evaluate a quality of a FLC 
the criteria commonly used in control engineering practice 
are applied. As a performance indicator one can apply 
either of the following: 

1} an integral criteria such as an integral of the 
absolute value of the error signal, an integral of the 
square of the error signal, etc. 
2) one or a set of the parameters characterising the 
system response, e.g. the overshoot, the settle time, 
the response time, the steady-state accuracy. 

The application of the same criteria facilitates a fair 
comparison of the conventional and FLC's. 

In the control engineering approach the feedback structure 
of the FLC is commonly applied with the error signal 
chosen as one of the FLC inputs. Here fuzzy PID-like (as 
well as PD-like, PI-like controllers) are extremely popular. 
The choice of the controller type determines other inputs 
and an output of the FLC. The membership functions and 
scaling factors are selected on the base of their influence 
on the FLC control surface, and rules are formulated 
considering the control trajectory. 

Intermediate approaches suppose setting some of the 
parameters (e.g. membership functions) by the experts and 
fixing the others (e.g. rules) with the methods inherited 
from the control system design. Combined approaches 
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include the initial choice of the FLC structure and 
parameters made by the expert and further their 
adjustment performed with the control engineering 
methods. 

5. How to choose the structure and 
parameters initially? 

5.1. The structure of a fuzzy control 
system 
One of the main problems in a design of a FLC as well as 
of any other controller is a concord of the required high 
performance under specified operating conditions and the 
desired possession of some other features, first of all 
stability and robustness. FLC are proved to be rather 
robust to any changes in the environment, the plant and 
the controller itself. This feature was considered as one of 
the main advantages of the fuzzy control on the first 
(historically) stage of their development. As robustness we 
understand the ability to preserve· or to avoid significant 
decay in the perfonnance after some operating conditions 
have changed. To achieve this goal two basic ways are 
widely exploited: 

1) an adjustment of the FLC parameters after their 
initial choice and FLC test - adaptive and learning 
controllers (see p.6), 
2) an application of special fuzzy control system 
structures, first of all hierarchical supervisory control 
structures. · 

The hierarchical rule-based controller usually consists of 
a simple upper-level "expert" controller, which is often 
called a supervisory controller [17] and the low level 
controller(s) (see Fig. 3). The switch between the levels 
can be realised as a fuzzy controller as well. The 
application of a hierarchical structure lets distribute 
solving of different problems between the levels and 
apply various criteria in construction of different 
controllers. The top level controller should provide the 
approaching of the main goal of the system as the low 
level controllers should obtain the solutions of special 
problems. 

Figure 3. Hierarchical FLC scheme 

The rule-based supervisory control has proven to be very 
effective in a number of applications, providing the 
required performance and stability of the whole system 
and comparing favourably to a variety of conventional 
techniques attempted to date. Unfortunately, except [13] 
the authors know no references comparing fuzzy 
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hierarchical and adaptive controllers. One should note 
that in some applications low-level (executive) controllers 
are designed by conventional methods. 

5.2. Fuzzy PID-Iike controllers 

A PID controller is the most widely used in industry 
controller type. Unsurprisingly a lot of work has been 
done in design of fuzzy PID controllers (fuzzifying the 
parameters of a PID controller) and fuzzy PID-like 
controllers (employing the same set of the inputs and 
outputs as PID controllers). 

Some FLC designers try to imitate the PID controller 
action [see 2, 15]. It has been proved that fuzzy controllers 
are capable of approximating any real continuous control 
function on a compact set to arbitrary accuracy. In 
particular, any given linear control can be achieved with a 
fuzzy controller for a given accuracy. [2] proposes 
methodology which enables the synthesis of a Sugeno or 
Mamdani type fuzzy controller precisely equivalent to a 
given PI controller. The main idea is to equate the output 
of the fuzzy controller with the output of the PI controller 
at some particular input values, called modal values. The 
rule base and the distribution of the membership functions 
can thus be deduced. The analytic expression of the 
output of the generated fuzzy controller is then 
established. For Sugeno-type fuzzy controllers, precise 
equivalence is directly obtained. For Mamdani-type fuzzy 
controllers, the defuzzification strategy and the inference 
operators have to be correctly chosen to provide linear 
interpolation between modal values. The usual inference 
operators satisfying the linearity requirement when using 
the center of gravity defuzzification method are proposed. 
This method can be used not only in design but in analysis 
ofFLC's. 

Nowadays there exist numerous examples of fuzzy Pill-
like (PI- and PD-like) controllers. These fuzzy controllers 
are realised in the feedback structure with the error signal 
as the controller input. Two other inputs can be the 
change_ of_ error or integral_ error signals. The most 
widely used structures are given on Fig. 4 (PD-like fuzzy 
controller), Fig. 5 and Fig. 6 (PI-like fuzzy controller). 

of error 

Figure 4. A block-diagram of a PD-like fuzzy control 
system 

5.3. Rules formulation. 
Main methods of the FLC rules derivation are based upon: 

Summer1995 

1) Expert experience and knowledge, 
2) Operator's control actions learning, 
3) Fuzzy models of the process or object under 
control, 
4) Learning technique application. 

of error 

Figure 5. A block-diagram of a PI fuzzy control system 
(version 1) 

of error 

Figure 6. A block-diagram of a PI fuzzy control system 
(version 2) 

In practical realisation of the first method, two ways can 
be proposed; based on work either with the documentation 
or the experts themselves. The first one employs 
redeveloping manuals, operation instructions and any 
other documents available into the set of the rules. 
Another way includes an interrogation of experienced 
experts or operators using carefully organised 
questionnaires. Of course, a good knowledge engineer 
always tries to apply the combination of these two 
approaches. 

Another method is pretty similar to the first one. Here the 
rules are formulated by observing how a skilled operator 
controls the object or the process. In this case the operator 
should be an expert. As was pointed by Sugeno in order to 
automate the control process one can express the 
operator's control rules as fuzzy If-Then rules employing 
linguistic variables. In practice such rules can be deduced 
from the observation of human controller's actions. 

Unlikely the first couple two other methods come out the 
control engineering domain. The first one is a generation 
of a set of fuzzy control rules based on the fuzzy model of 
the process or object under control. This approach is 
ideologically similar to a classical controller design 
technique in which one derives a mathematical model of 
the controller from the mathematical model of the plant. 
Here the mathematical plant model is fuzzy. There exist 
no strict procedures of a FLC design even in this case. 
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However, depending on the degree of fuzziness of the 
plant model some conventional technique can be applied. 
Another method is based on learning and experience 
gained during FLC operation. This method supposes 
employing adaptive and/or self-organising fuzzy 
controllers. In this methodology the rules set is modified 
during the FLC test and operation based on some criteria 
evaluation. One should note that there exist design 
methods which deny a necessity for the initial rules 
formulation and suppose their derivation through a 
learning process. 

functions on the right or left to capture the extreme input 
values. 

5.4. Membership function selection 
In the membership function choice one has to solve a few 
problems: how to choose general parameters like a 
number of classes (membership functions) to describe all 
the values of the linguistic variable on the Universe of 
discourse, the position of different membership functions 
on the Universe of discourse, the width of the membership 
functions, and concrete parameters like a shape of a 
particular membership function. The research results and 
practical recommendations regarding this choice are 
presented in [14]. 

5.5. Choice of the scaling factors 
The first stage of the fuzzy controller operation is 
fuzzification and the last one is defuzzification. On both 
stages the membership functions which describe different 
values of the linguistic variables (or labels) are applied. 
To choose membership functions first of all one needs to 
consider the universe of discourse for all the linguistic 
variables, applied to the rules formulation. To specify the 
universe of discourse one must firstly determine the 

A 

B 

c 
Figure 7. Choice of the scaling factors 

applicable range for a characteristic variable in the Because of this situation it is usually desirable, and often 
context of the system being designed. The range you select necessary, to scale, or normalise, the universe of discourse 
should be carefully considered. For example, if you specify of an input/output variable. Normalisation means applying 
a range which is too small, regularly occurring data will the standard range of [·1,+ 1] for the universe of discourse 
be out off-scale (fig. 7B), that may impact an overall both for the inputs and the outputs. This simple procedure 
system performance. Conversely, if the universe of can essentially facilitate the FLC debugging and tuning 
discourse for the input is too large (fig. 7 A), the process. So the FLC structure of fig. 2 should be 
temptation will often be to have wide membership replaced with one given on fig. 8 . . -------------------------------------------------------------------------------, 
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In the case of the normalised universe of discourse an 
appropriate choice of specific operating areas requires 
scaling factors. An input scaling factor transforms a crisp 
input into a normalised input in order to keep its value 
within the universe of discourse. An output scaling factor 
provides a transformation of the defuzzified crisp output 
from the normalised universe of discourse of the controller 
output into an actual physical output. 

The role of a right choice of input scaling factors is 
evidently shown by the fact that if your choice is bad the 
actual operating area of the inputs will be transformed 
into a very narrow subset of the normalised universe of 
discourse or some values of the inputs will be saturated. 

On the other hand one can see that when the output is 
scaled, the gain factor of the controller is scaled. The 
choice of the output scaling factor affects the closed loop 
gain, which as any control engineer knows, influences the 
system stability. The behaviour of the system controlled 
depends on the choice of the normalised transfer 
characteristics (control surface) of the controller. In the 
case of a predefined rules table the control surface is 
determined by the shape and location of the input and 
output membership functions. 

In regard to the order of the choice which is to be made 
one can be given the following advice [10]: 
1) The output denormalization factor has the most 
influence on stability and oscillation tendency. Because of 
its strongest impact on stability this factor is assigned to 
the first priority in the design process. 
2) Input scaling factors have the most influence on basic 
sensitivity of the controller with respect to the optimal 
choice of the operating areas of the input signals. 
Therefore, input scaling factors are assigned to the second 
priority. 
3) The shape and location of input and output 
membership functions may influence positively or 
negatively the behaviour of the controlled system in 
different areas of the state space provided that the 
operating areas of the signals are optimally chosen. 
Therefore this aspect is getting the third priority. 

However, one should understand that simultaneous fixing 
of both input and output scaling factors can produce much 
better results. The choice of the values for the scaling 

Table 1 

Decrease 

Overshoot I Decrease Decrease Decrease 
Oscillation 

Speed of Increase Increase Decrease 

Decrease Decrllnc Increase 
Error 

Summer 1995 

factors can be made analysing their influence on the FLC 
performance indicators. The example of such analysis is 
given in [18] where the fuzzy PI-like controller with the 
error (e) and change_of_error (de) inputs and the 
change_of_control (du) output is considered. As a result 
the following table of the scaling factor tuning advice to 
improve different performance indicators can be derived 
(see Table 1). 

6. How to tune (adjust) the 
parameters of a FLC? 

For a few last years the control engineering approach in 
FLC design has strengthened and a number of modem 
designers try to apply the methods of parameters adjusting 
through adaptation and learning. According to this 
concept [9] there are two main drawbacks in fuzzy 
control: 

1) the design of fuzzy controllers is usually 
performed in an ad hoc manner where it is often 
difficult to choose some of the controller parameters; 
2) the fuzzy controller constructed for the nominal 
plant may later perform inadequately if significant 
and unpredictable plant parameter variations occur. 

To overcome these drawbacks the parameters of the FLC 
designed at the first stage should be allowed to adjust. As 
a result of this tuning process a new FLC appears which 
can be classified as: 

1) self-organising, 
2) adaptive, or 
3) learning. 

Although this classification usually does not face any 
objections, the definitions are not easy to formulate. There 
are some different opinions because of changeable 
understanding, however, we try to present here the most 
common point of view. 

A self-organising controller can be determined as a 
controller, the parameters of which are changed without 
any other changes in the plant model and other models 
used. An adaptive control usually supposes modifications 
of the plant model, and a learning control assumes the 
modification of the control strategy based on the past 
experience. One should note that this definitions are 
general and not specific for a FLC. 

Some of the tuning methods assume an existence of the 
initial FLC model and an availability of the plant model. 
However, most of the late design methods do not require 
any plant model at all. An example of such methods is 
given in [ 11] which proposes a complete design method 
for an online self-organizing fuzzy logic controller 
without using any plant model. By mimicking the human 
learning process, the control algorithm finds the control 
rules of a system for which little knowledge has been 
known. In an expert approach, knowledge on the system 
supplied by an expert is required in developing control 
rules, however, the proposed fuzzy logic controller needs 
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no expert in making control rules. Instead, rules are 
generated using the history of input -output pairs, and new 
inference and defuzzification methods are developed. The 
generated rules are stored in the fuzzy rule space and 
updated online by a self-organizing procedure. 

Different techniques have been applied for a FLC tuning. 
They can be divided into conventional and intelligent 
methods. In conventional methods classical approaches of 
the mathematical analysis are applied in searching for the 
parameter set optimising the performance criteria. In 
intelligent methods some heuristic procedures algorithms 
such as artificial neural networks (ANN), genetic (GA) 
and evolutionary (EA) algorithms are employed. 

In intelligent design fuzzy logic is utilised to incorporate 
the available knowledge into the controller design, and 
ANN and/or GA technology are applied to adaptively 
develop an optimal control strategy. The control system 
structure in this case can be presented as on Fig. 9 [8]. 
One should note that there exist another trend in 
combining FL and ANN technologies and creating new 
synergisms such as adaptive network based fuzzy 
inference systems (ANFIS) [5]. In this approach the 
controller design originates from the ANN framework 

Figure 9. Combined structure for a FLC 

Various fuzzy neural networks have been proposed to 
enhance the performance of ANN for control of complex 
dynamic plants with strong nonlinearity and high 
uncertainty. Nowadays there is a need for systematic 
techniques that takes the properties of the FL, ANN and 
GA into account in order to obtain fast convergence and to 
be able to tackle more complex control problems. 

Recently ANN and GA were applied to tune one of the 
FLC parameters. Modem methods tend to enable 
simultaneous determination of a few. To achieve this goal 
a combination of FL, ANN, GA, and conventional 
techniques is often employed. E.g. [12] proposes the FLC 
represented in the form of a neural network which can be 
trained using a GA. This enables the simultaneous 
determination of the membership functions for the fuzzy 
input variable, the quantisation levels for the output 
variable and the elements of the relation matrix of the 
FLC. 

[ 4] considers simultaneous design of FLC rules and 
membership functions with GA. One has to note that 
these parameters are interrelated as the choice of 
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membership functions determines in some aspect the 
choice of rules. On the other hand to achieve the same 
effect in many cases a designer is able to modifY either the 
membership functions or the rules. Previous work using 
GA has focused on the development of rule sets or high 
performance membership functions; however, the 
interdependence between these two components suggests a 
simultaneous design procedure would be a more 
appropriate methodology. When GA's have been used to 
develop both, it has been done serially, e.g., the design of 
the membership functions and then the use of them in the 
design of the rule set. This, however, means that the 
membership functions were optimised for the initial rule 
set and not the rule set designed subsequently. GA's are 
fully capable of creating complete fuzzy controllers given 
the equations of motion of the system, eliminating the 
need for human input in the design loop. [7] proposes the 
GA based algorithm which integrates even three design 
stages: the choice of the membership functions, the rules, 
and the rule consequent parameters. 

7. Summary - Practical 
recommendations on FLC design 
Practical recommendations given in this paper are 
summarised in two parts. Part I (see Table 2) contains 
some advice regarding the initial choice of the structure 
and parameters. Part IT (see Table 3) contains some 
recommendations about how to change this set of 
parameters depending on the results achieved and the 
criteria established. 

8. Forecast for future development. 
Summarising the review of the FLC design methods it can 
be stated, that the most active issues these days are the 
specification of an intelligent control system design 
methodology based on a task-technology mapping and the 
integration of specific technologies to obtain synergistic 
effects. The future development of fuzzy controllers and 
fuzzy controller design supposes movement towards the 
design of more complicated control systems, making a 
control strategy more task-oriented rather than set-point 
and tracking following [19]. These controllers will 
incorporate different achievements from various fields of 
artificial and computational intelligence such as fuzzy 
logic, neural networks, genetic/evolutionary algorithms, 
expert systems. 
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Part L How to choose fuzzy controller structure and parameters initially? 
Table 2 

t!::.~e· ...... :t:.:;:::::::~~==;::.:r~:~i1;·mtY··<t~1lbt• mtb~· •ility· Qt·~. fuzzy.·®ntt91· 
Choice of the inputs The same as for a conventional control system 

Ch~i® Qftb~ ·~ng 
m~t$. 
Choice of the 
number of the classes 
(membership 
functions) 

Cht\ie~ of tJi~ 
m~m~bi:P 
fun~Qil$ .. 

Choice of the rules 

The error and change_of_error (derivative) signals are often applied as the inputs for a fuzzy 
controller 
Additional: choose the inputs regarding to which some control rules expressing the dependence 
of the output on these inputs can be easily formulated 
lniti~·~OQ$the $.(;@ngt~~ ·satt$.fY:· to:th~ :Qperat:l'Q~ ·$.ng~s (-univ~t$~ ·9.fd.1s~o~e) 
f.q.r:~mPu~;m«;J.g).JJPl:J:t~.if:~ey~~Q~ ·· · 
There are several issues to consider when determining the number of membership functions and 
their overlap characteristics. 
The number of membership functions is quite often odd - generally, anywhere from 3 to 9. 
As a rule of thumb, the greater control required (i.e. the more sensitive the output is to input 
changes) the greater the membership function density in that input region 

i~::::!~i'=e:ti~~b=~~h~~m~ts.bip fuit®qti$~~mune4~y:Uie•~~n($.)• 
· lJ :i'Jlffi~Y eh.Pose th~ width.· o.r the mem~tsbip fun®ion$ JQ prpv;;(;l~ me whP.le o.v~tmp (se!! 

[14]) ab.om :U;.i4%, · · · · · ... ~~:m~~fe4 ·=~i:!!::~~:.::::~~bip··~o:tm .. MU~ .;t• l~g~overtapcan.1Je· 
Main methods: 

1) expert experience and knowledge, 
2) operator's control actions learning, 
3) fuzzy model of the process or object under control usage, 
4) learning technique application. 

The rules set in the whole should be: 
-complete, 
- consistent, 
- continuous. 

Part 11. How to change (tune) fuzzy controller structure and parameters? 

... WMll~$. WRtlNti? 
Fuzzy controller does 
not provide the stability 
of the system 

· ··· ············ ·· 

1) Change the structure of the control system. Apply the supervisory fuzzy controller. 
However, you need to remember that this approach usually decreases the controller 
performance in some degree . 

Table 3 . 

2) Check the rules table: sometimes you need to change the wrong sign of the rules output 

. ove.rS.itoot(o•· 
il$~lmt!:ill:~gmtud~) 

3) Decrease the output scaling factor of the fuzzy controller 

··· ·:~:.:.:~==~======~=n=··factot ·of·the•.Pfrpan. 
~u®mgtt ...... ..... .. . 
Speed of response (rise 1) In a PID-like fuzzy controller increase the output scaling factor of the PD-part 

.·. ~l:ll~) is t(.).())O\V . . . . . . . . } ) .IJ:lcr~a.~f! f!J:e ~Sal~J:l~ factor for a £iig~~f!l:l!A~ inp11t COIIlParillg ~(.) ()~~~ il:lp11ts 
· P90t'stea4Y"'statt: 1) ln aPW4ike frizZY conttoilet decrease th~·outpm sqaitngJa~().r:QftheP.:O:..part 

~p~acy i~~;:;~=~6:;:~:r::~:~~~:~:::o::~:panngtpQthefi~ 
4) R•~~ Ui~ wtath,ofthe tnembt:ltsbip.:f.'®.91i®dot•Ute· ~r.o·~l~$~f the (!rt:qtsi~ 

.. .... $)~$IDP9t~tb~m~m~~fim.~tt9P.M~gr~~gllim:t:¥.Pg~Qf.MP9lil~~®:~~~9J•1P~Pt . 
Insufficient sensitivity 1) Increase the scaling factor for this input 
to the input signal 
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C()l'rttol:&Utfa.ce 2J Cb:«:l{tht ndcs table•again:st·teq-d,ptq~rties · .. . ............ ~>: cA.~km~ m®.il:;.~mwP.tuJ~,~ttl'lnS. il$l:dhAu~l)'; .theY ml!:$th.llv~ =t:AA nght Pv~tla,p 

[4] 

controller, IEEE Transactions on Systems, Man 
and Cybernetics, Vol: 25 Iss: 3 p. 505-512, 1995 
Homaifar, A.; McCormick, E. Simultaneous 

Summer1995 

design of membership functions and rule sets for 
fuzzy controllers using genetic algorithms IEEE 

Australian Journal of Intelligent Information Processing Systems 



[5] 

[6] 

[7] 

[8] 

[9] 

[10] 

[11] 

[12] 

Transactions on Fuzzy Systems Vol: 3 Iss: 2 p. 
129-139, 1995 
Jang, J.-S.R.; Chuen-Tsai Sun Neuro-fuzzy 
mode ling and control Proceedings of the IEEE 
Vol: 83 Iss: 3 p. 378-406, 1995 
Lee, C.-C. Fuzzy logic in control systems: Fuzzy 
logic controller . IEEE Transactions on Systems, 
Man, and Cybernetics, vol. 20, No.2, p. 404 -
435, 1990 
Lee, M. A; Takagi, H. Integrating design stage of 
fuzzy systems using genetic algorithms Second 
IEEE International Conference on Fuzzy 
Systems, p. 612-617 vol.l, IEEE, New York, 
NY, USA, 1993 
Menozzi, A; Mo-Yuen Chow A design 
methodology for an intelligent controller using 
fuzzy logic and artificial neural networks 
Proceedings of the IECON '93. International 
Conference on Industrial Electronics, Control, 
and Instrumentation p. 408-13 vol.l, IEEE, 
New York, NY, USA, 1993 
Moudgal, V.G.; Kwong, W.A.; Passino, K.M.; 
Yurkovich, S. Fuzzy learning control for a 
flexible-link robot IEEE Transactions on Fuzzy 
Systems Vol: 3 Iss: 2 p. 199-210 May 1995 
Palm R. Scaling of Fuzzy Controllers Using the 
Cross-Correlation. IEEE Transactions on Fuzzy 
Systems, vol.3, No. 1, 1995, pp.116- 123 
Young-Moon Park; Un-Chul Moon; Lee, K. Y. A 
self-organizing fuzzy logic controller for dynamic 
systems using a fuzzy auto-regressive moving 
average (FARMA) model. IEEE Transactions 
on Fuzzy Systems Vol: 3 Iss: 1 p. 7, 1995 
Pham, D.T.; Karaboga, D. Design of 
neuromorphic · fuzzy controllers 1993 
International Conference on Systems, Man and 
Cybernetics. Systems Engineering in the Service 

Australian Journal of Intelligent Information Processing Systems 

9 

of Humans, p. 103-8 vol.4, IEEE, New York, 
NY, USA 

[13] Reznik L. and 0. Gnanayem Hierarchical 
Versus Adaptive Fuzzy Logic Controllers: Design 
and Performance, 2nd Australian and New 
Zealand Conference on Intelligent Information 
Systems, pp. 224 - 228 , Brisbane, November 29 -
December 2, 1994 

[14] Reznik, L. and Shi, J. Fuzzy Controller Design 
From a Practitioner's Point of View: Membership 
Function Choice, Australian Journal of 
Intelligent Information Processing Systems, 1995 
(to be published) 

[15] Reznik, L. and Stoica, A Some Tricks in Fuzzy 
Controller Design, presented to Australia and 
New Zealand conference on Intelligent 
Information Systems, ANZIIS - 93 and published 
in the conference proceedings, pp. 60-64, IEEE, 
Perth, Western Australia 

[16] Tsukamoto, Y. Some issues of reasoning in fuzzy 
control: principle, practice and perspective 
Proceedings. Sixth International Conference on 
Tools with Artificial Intelligence p. 192 - 196, 
IEEE Comput. Soc. Press, Los Alamitos, CA, 
USA, 1994 

[17] Wang Li-Xin A Supervisory Controller For 
Fuzzy Control Systems That Guarantees Stability. 
IEEE Transactions on Automatic Control, vol.39, 
No. 9, pp. 1845- 1847, 1994 

[18] Yager R.R and Filev D.P. Essentials of Fuzzy 
Mode ling and Control. John Wiley & Sons, 1994 

[19] Zadeh, L.A Fuzzy logic: issues, contentions and 
perspectives ICASSP-94. 1994 IEEE 
International Conference on Acoustics, Speech 
and Signal Processing, p. VV183 vol.6, IEEE, 
New York, NY, USA, 1994 

Summer 1995 



10 

Neural Networks for Image Coding: A Review 

Lachlan L. H. Andrew* and M. Palaniswami 
Department of Electrical and Electronic Engineering 
University of Melbourne, Parkville, 3052, Australia 

{ lha,swami} @ee.mu.oz.au 

ABSTRACT 

Images are forming an increasingly large part of modern communications, bringing the need for 
efficient and effective compression. This survey aims to give the reader a feel for the wide range of 
ways in which neural network technology has been applied to image compression. M any variants of 
vector quantisation are presented which use the topology preservation of the self-organising map in a 
variety of ways. Image coding using neural networks to guide a classical coding technique have been 
largely overlooked. Some promising contributions in this area are also discussed. Finally, a range of 
transform and predictive coding techniques are described. 

1 Introduction 
With the recent growth of the multimedia industry, 
there is a strong demand for rapid and effective com-
pression of images. Pictures convey a large amount 
of information to the human viewer very quickly, and 
are thus a very important part of the human-machine 
interface. The price to pay for this efficient interface is 
that the amount of data required to represent a raw 
image is many times larger still, typically hundreds 
of thousands of bytes. However, because computer 
technology is evolving rapidly and the user interface 
is becoming the limiting factor in information systems, 
images maximise the rate of data transmission across 
the slowest part of the system. Thus it is up to the 
designers of multimedia systems to find techniques of 
managing the large amounts of data involved, and the 
primary weapon in the designer's armoury is compres-
sion, or coding [46,72]. 

With such a strong demand for image coding, there 
is a continual search for new and more effective methods 
for image coding. Neural networks are another rapidly 
emerging technology which have been applied in many 
ways to this task. This paper will review some of the 
most important recent advances in this dynamic field. 
There have already been several excellent surveys of 
this subject, [25,54], and so this work aims to comple-
ment rather than supplant these. In particular, this 
survey will focus on hybrid systems, in which neural 
networks are integrated into existing proven techniques, 
and some aspects of vector quantisation not explored 
in the previous contributions. Neural techniques will 
also be put in context by describing at some length the 
comparable classical techniques. 

A neural network will be considered to be any 
computing structure composed of many similar, simple 
computing elements, each calculating the weighted sum 
of several inputs, and producing as output either the 
sum or a simple non-linear function of the sum: 

(1) 
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Each x; may be either an input to the network or the 
output of another " neuron, and each Yi may be an 
output of the network, an input to any number of other 
neurons, or both. Clearly neural networks consist of 
very simple processing elements, but their simplicity 
allows massive parallelism. This is well suited to image 
processing, since images consist of large amounts of 
data, and many of the processes to be performed are 
quite simple. 

The rest of this paper is organised as follows. Sec-
tion 2 describes various aspects of vector quantisation 
using neural networks. Section 3 describes ways in 
which neural networks can be incorporated into existing 
coding techniques. Section 4 describes various ways in 
which neural networks can implement transform cod-
ing, which is currently the most popular type of coding. 
Finally predictive coding is covered in Section 5. 

2 Vector Quantisation 
Vector quantisation (VQ) [2,32,35,66,73] is a popular 
technique for low bitrate image coding. One of its main 
attractions is that it is an asymmetric coding paradigm, 
which means that most of the work is performed (once) 
by the encoder, and the decoder is very simple and can 
be implemented in real time by a PC of modest power. 

Vector quantisation can be viewed in two ways, ei-
ther as a generalisation of scalar quantisation, or as a 
block matching scheme. The former view is useful when 
using VQ as post-processing for another scheme, while 
the latter is more useful when coding images directly 
with VQ, and is the view which will be taken here. 

An image to be coded is divided up into small 
blocks, typically 4 X 4 pixels in size. Each block is 
compared to the entries of a codebook consisting of a 
large number of typical blocks. The most similar block 
in the codebook is then selected, and the index of the 
block in the table, the codeword, is transmitted. If the 
table contains 2N entries, then only N bits are required 
to transmit the index, which is usually much less than 
the number required for the raw image data. 

•1. Andrew is supported by an ATERB scholarship. 
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One of the main tasks of the VQ designer is to de-
sign the codebook. By far the most common classical 
techniques are the generalised Lloyd algorithm (GLA) 
and the closely related LBG algorithm, both introduced 
in [61]. 

Decoding a VQ data stream is a simple matter of 
table lookup, but encoding requires the selection of the 
nearest codevector, which can be quite computationally 
intensive. Much effort has been devoted to trying to 
minimise this time, including many suboptimal meth-
ods which find a close entry rather than the closest. 

2.1 The Self Organising Map 
Before studying the ways in which neural networks have 
been used for vector quantisation, it is worth taking 
a look at the most widely used neural VQ algorithm, 
Kohonen's Self Organising Map (SOM) [51-53], which 
is also the basis for most other techniques. 

An SOM consists of a layer of linear neurons with 
a common input vector, followed by a winner-take-all 
(WTA) layer . Each neuron in the first layer calculates 
the Euclidean distance between its weight vector and 
the input vector, and the second layer selects the neuron 
with the smallest distance as the winning neuron. 

During training, the weights of the neurons are up-
dated after each training vector has been presented. If 
the training vector is x, neuron r is the winning neuron 
and w& is the weight vector of neuron s, then w. is 
updated according to 

(2) 

where 0 < 1J :::=; 1 is the step length and hr• is the 
neighbourhood function of the network. In general 1J 
and hrs will vary as training proceeds. 

A topology preserving map is usually described as 
an ordered mapping from an input space to an output 
space. The input space is the set of weight vectors (or 
input vectors), but so far no output space has been 
defined. The output space corresponds to the positions 
of the neurons relative to one another. In the original 
work [51], neurons were arranged in a flat sheet either 
at the vertices of squares or of triangles. In this case, .a 
topology preserving mapping means that nearby neu-
rons should have similar weight vectors, and conversely 
that similar input vectors should map to nearby neu-
rons. 

2.1.1 Attributes 
A key property of the SOM is the variable magnification 
factor of the map, which allocates more neurons to re-
gions of higher probability. It was initially thought [50] 
that the neuron density is directly proportional to the 
probability density, p, although later studies [65,85,86] 
have shown that it varies as p•, where the value of s 
depends on the precise variant of the algorithm used, 
but is typically either 2/3 or 1/3. This turns out to 
be even better suited to VQ tasks than if the neuron 
density had been exactly p, as explained in section 2.3. 

Purely competitive schemes, such as the GLA, usu-
ally suffer from a problem known as the underuse prob-
lem. Some neurons never win the competition, and 
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hence are not updated. As a result, many of the neu-
rons are "wasted". Since updates cause neurons to be 
more representative of the input, neurons which are not 
updated do not become more representative, and so still 
always lose. Assuming the neighbourhood function de-
fines a connected map, the input distribution does not 
contain any delta functions and its support is convex, 
this problem cannot occur with the SOM. At least one 
neuron must win, and s.o it is updated. But all of its 
neighbours are also updated, and so eventually they 
are drawn to within the region of non-zero probability. 
When these neurons start to win, their neighbours get 
updated, and so eventually all neurons will compete. 

2.2 Neural Vector Quantisation 
Despite the great similarity between the GLA [61] and 
the SOM algorithm [51], it was not until several years 
after their introduction that the SOM was applied to 
VQ codebook generation [74]. Since then, the SOM and 
related algorithms have been extensively applied to this 
task. Many of the implementations simply treat the 
SOM as an incremental form of the GLA, discarding 
the neighbourhood concept, although in many cases 
the neighbourhood structure has been used to great 
advantage, as the following examples show. 

2.3 Avoiding Local Optima 
Both the SOM and the GLA are competitive learning 
schemes, in which neurons compete for the right to be 
updated. Thus neurons which are the least suitable 
are also those which learn the least, and many neurons 
can be wasted. This is termed neuron underuse and is 
a .form of local minimum in the error surface. It can 
be avoided by suitable initialisation or by encouraging 
neurons to win when they would not otherwise. 

Although the GLA is often called the LBG al-
gorithm, this term also often denotes an initialisa-
tion technique which minimises underuse [61]. In this 
scheme, a series of code books is designed, each twice the 
size of the previous. Each initial codebook is generated 
by splitting the neurons of the previous codebook. It 
has been shown [3,7] that this corresponds to a well 
defined SOM neighbourhood, making the LBG algo-
rithm a special case of the SOM algorithm. A similar 
technique has also been used for SOM vector quan-
tisers combining splitting with explicit neighbourhood 
updates [64]. 

Numerous other techniques have been proposed to 
address this problem explicitly [1,23,36,37,94,95,100]. 
These all explicitly favour the underrepresented neu-
rons in the competition, which is quite effective and less 
computationally expensive than neighbourhood updat-
ing. However, they aim to produce maximum entropy 
quantisers, with equiprobable neurons, arguing that be-
cause such an arrangement produces a VQ output with 
maximum entropy, it must be optimal. Vector quan-
tisation theory [31] shows that the optimum is for the 
partial distortion to be the same for each neuron; that 
is, if the distortion introduced each time the neuron is 
used to quantise a block is added up, then each neuron 
should have the same total. That way neurons with 
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higher expected error are less common. Explicitly forc-
ing this partial distortion to be uniform [99] produces 
better results than forcing equal frequency of use. 

Neural techniques for generating maximum entropy 
scalar quantisers have also been proposed [101]. How-
ever, there are very efficient non-neural algorithms to 
design such quantisers. A simple method to train a 
k level quantiser from n training samples is to sort 
the data, and then the ith threshold will be the nfkth 
sample. If n ~ k it is not even necessary to sort the 
list perfectly as long as the n/kth sample is correct. 
Partial sorting can be achieved cheaply by using a mod-
ified quicksort algorithm which does not sort partitions 
which are entirely within one quantisation level, giving 
an O(nlogk) running time [4]. 

2.4 Noise Robustness 
In any data transmission or storage system, it is in-
evitable that there will be noise. That is, the data 
which comes out will not be identical to that which 
goes in. When they are not the same it is called a 
channel error. This is particularly important in sys-
tems which use any form of data compression, since 
compression typically increases the sensitivity of the 
data to such errors. It is therefore important to design 
coding schemes which are not overly sensitive to noise. 

The SOM algorithm produces codebooks which are 
quite robust to noise. This fact is really quite amazing 
since the SOM was not even designed for VQ, let alone 
VQ for a noisy channel. It was first observed by Brad-
burn [11] in the case of scalar quantisation of speech 
signals, and using a hypercube neighbourhood. Since 
then, the the robustness of other neighbourhoods [7] 
and the effect of other channel models [48] have been 
studied in the context of vector quantisers. 

The reasons for this phenomenon are that the SOM 
learning rule explicitly encourages neighbouring neu-
rons to be similar to each other, and that not all channel 
errors are equally likely. A common simple model of a 
channel is the low noise binary symmetric channel. In 
this model, when a number is transmitted, at most one 
bit will be in error, and all possible bit errors are equally 
likely. The system will be least sensitive to errors if 
the codevectors corresponding to codewords which may 
be confused are similar. In a hypercube, two vertices 
are adjacent if their vertex numbers differ in one bit. 
Thus using SOM updates with a hypercube topology 
encourages codevectors to be similar if their codewords 
are likely to be confused by common channel errors. 
The number of wrong codevectors will be unchanged, 
but the severity of the image degradation will be greatly 
reduced. 

Luttrell [63] has provided a formal mathematical 
treatment of this effect. He derived the SOM algorithm 
as a gradient descent on the expected reconstruction 
error given small amounts of noise. The derived neigh-
bourhood function is 

hr• = Pr(slr). (3) 

That results in the weight vector of neuron s being the 
weighted mean of all possible vectors which may be 
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received as s. For optimal coding, the encoding rule 
should also take the noise level into account [65]. 

2.5 Adaptive Coding 
In the context of image coding, adaptivity can mean 
a variety of things. In its truest sense, an adaptive 
coder will learn from the data it is fed, and adjust its 
structure accordingly. It can also mean that the coder 
has many possible modes of operation, and the mode 
of operation is selected according to the input data. 
Coders of this second type do not actually learn and 
thus cannot improve over time, but are nonetheless very 
effective at coding images. A much vaunted benefit of 
neural networks is their ability to adapt to suit their 
environment. Thus many adaptive neural VQ schemes 
of the first type have been proposed [6 ,55 ,58 ,68]. 

In [68], a scheme is proposed in which the coding 
distortion is constantly monitored. When the distortion 
becomes too high, each neuron introducing excess dis-
tortion is adjusted towards the centroid of those blocks 
which it was used to represent. A side channel is then 
used to flag the adaptation event, indicate which code-
vectors need to be updated, and transmit the centroids. 
Because the decoder knows the SOM training rule, it 
can mimic the encoder's update. A simple improve-
ment to this scheme would be simply to transmit the 
new codevector, rather than the centroid. This would 
reduce the computation required at the encoder, with 
no sacrifice of bit rate or computation at the encoder. 
More importantly, it would reduce the dependence on 
the current state, and thus transmission errors would 
not propagate, vastly increasing the noise robustness of 
the system. 

Lancini et al. (55] present a scheme loosely based 
on a classical scheme [33]. In [33], temporal redun-
dancy is removed by storing a label map, containing the 
codewords used in each frame. When coding the next 
frame, only those codewords which have changed need 
be transmitted. For this scheme to be most effective, 
codevectors should change as little as possible, and so a 
new codebook was designed by iterative improvement of 
the current code book. In [55], the label map is replaced 
by motion compensated prediction, and the prediction 
error is transmitted, removing the need for minimal 
change. Adaptation is performed by generating a very 
small codebook (32 entries) and replacing some of the 
codevectors in the main codebook by those from the 
small one. 

Lee and Peterson [58] describe an interesting adap-
tive scheme. As well as transmitting the codeword for 
the closest codevector, the quantisation error is coded 
by a second stage lattice VQ [19]. The reconstructed 
vectors can be used by the decoder to follow the adap-
tation in the encoder. The particular adaptation algo-
rithm used is SPAN, which allows neurons to be added 
to or deleted from a SOM in an ordered way, but the 
scheme can be used with any adaptation rule. 

All of the preceding algorithms use a separate data 
stream, or side channel, to transmit information re-
quired for the adaptation. (In [58] this is also used 
as part of the actual coding, but it is still a form of 
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side channel.) In contrast, the scheme of [6] uses no 
side channel, instead performing adaptation based en-
tirely on the quantised image. A suitable training set is 
generated from the quantised image by selecting blocks 
which are not aligned with the blocks used in the coding 
stage, and then enhancing their contrast to allow the 
dynamic range of the quantiser to be expanded. In this 
scheme, the receiver can learn quite a good model of 
the source it is coding without ever having been given 
explicit information about the source. 

2.6 Predictive Vector Quantisation 
One way of removing inter-block redundancy is predic-
tive vector quantisation (PVQ). From the surrounding 
blocks, a prediction of the target block is made, and 
the difference between this predicted block and the true 
block is coded [38]. Thus PVQ is the vector general-
isation of DPCM (section 5) . As with DPCM, neural 
networks can be used for the prediction step [71]. 

Another form of predictive quantisation, called ad-
dress predictive VQ (APVQ) codes the actual blocks 
but then transmits the difference between the codeword 
and the previous codeword [71,81] . Thus it transmits 
movement of a pointer within the codebook rather than 
transmitting the absolute position. If the codebook is 
arranged such that similar vectors are close in the code-
book, correlation between vectors will result in trans-
mitting smaller displacements, which can be coded in 
fewer bits than the absolute addresses. The path coding 
of [58] can also be viewed as APVQ. It codes the path 
through an SOM map which runs from the previously 
used block to the next block, which essentially predicts 
that the next vector will be the same as the current 
one. 

To take advantage of the smaller displacements, a 
variable length code must be used. This can be stan-
dard entropy coding [44,104] or codes aimed at coding 
small number [34), all of which are quite sensitive to 
bit errors . A simple alternative used in [71) is to code 
all displacements below a threshold with one length 
and all those above it with a different length. This 
scheme has the disadvantage of requiring an extra bit 
to specify which length has been used. However, if 
this information is sent along a side channel it may be 
compressed and more importantly coded with an error 
correcting code. This means that there will be no loss 
of synchronism if a bit error occurs in the main channel, 
as the block lengths will be known. 

2.7 Winner Selection 
Once the codebook has been determined, the other 
major task in designing a VQ system is determining 
the encoding procedure. In a neural implementation, 
that means determining how to select the winning neu-
ron. This problem gets much worse as the rate of the 
code increases, because sequential search time increases 
linearly with codebook size, and so exponentially with 
rate. Two main approaches have been taken: imposing 
a structure on the codebook which allows fast subopti-
mal searching, and finding fast algorithms to find the 
optimal match. If a neural coder is implemented in 
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hardware then it has a third option of hardware winner 
selection. 

2. 7.1 Structured Codebooks 
Much of the current research into classical VQ is cen-
tred around ways of reducing the size of the codebook 
to be searched. The two most common approaches 
are product code vector quantisation, and reducing the 
fraction of the codebook searched. 

Product code VQ essentially separates out some at-
tributes of the vectors which are then coded separately. 
Examples are shape-gain VQ [88] and mean-removed 
VQ [76]. These normalise the vector by either sub--
tracting the mean pixel value, or scaling by the pixel 
variance. This separated value is then scalar quantised 
separately. The number of typical normalised vectors is 
much less than the number of typical vectors before nor-
malisation, and so the codebook can be much smaller 
than in raw VQ techniques. 

In finite state VQ the encoder has a number of pos-
sible states it can be in. Each state has an associated 
codebook, and for each codebook entry it has a par-
ticular next state. As coding progresses, the encoder 
searches the small codebook for the current state, and 
then moves to the next state. If the decoder knows 
the initial state, it can follow the state transitions and 
always use the correct codebook. Because each state's 
codebook is smaller than the total codebook, both the 
search time and the number of the number of bits 
required to specify the codeword are reduced. If the 
states consist simply of the previous codeword sent then 
there can be a very large number of states, and thus 
a· large number of codebooks. Neural networks have 
been used [67] to cluster these states and thus produce 
a system with a more manageable number of states. 

Binary searching is an effective way of locating an 
item in an ordered list. Tree search VQ [12,90] is an 
adaptation of binary searching to the multidimensional 
case of VQ. The codebook is organised as a (possibly 
balanced) binary tree. To code a vector, the tree is 
searched from the root. At each level, the input vector 
is compared to each of the children of the current node, 
and search proceeds from the closer of the two. The 
tree is designed such that the vector which is finally 
selected is a good approximation to the input vector, al-
though not necessarily the best. Neural networks have 
been used to design such codebooks. In [17] a SOM 
neighbourhood was proposed in which the strength of 
interaction between neurons is based on their distance 
along branches of a tree rather than their positions in 
Euclidean space. The SOM is used very differently 
in [9'7], which uses a tree structure in which each layer 
consists of an entire SOM rather than simply two neu-
rons. 

2. 7.2 Fast Searching 
Most neural codebook generation techniques have not 
been adapted to generate such structured codebooks, 
and so full search techniques must be used . . When a 
neural network is implemented serially, such as on a 
general purpose computer or a DSP chip, the designer 
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can draw on the wealth of classical fast searching tech-
niques [9,43,57,60,84,87,96]. Some of these simplify the 
actual distance calculations by not considering all of the 
dimensions [9] or reducing the arithmetic required [87], 
but most of them reduce the number of distance cal-
culations required by applying relations such as the 
triangle inequality in a variety of different ways. 

2. 7.3 Hardware Winner Selection 

The problem of winner selection is fundamentally dif-
ferent in parallel hardware than in a serial implemen-
tation. In a serial implementation the slow part is 
calculating the distance of the input to each of the 
codevectors. In analog hardware this can be performed 
in parallel as a collection of inner products performed 
by a conductance array (see Section 4). However se-
lecting the smallest distance (the largest inner product) 
requires interaction between neurons and is thus much 
more difficult to parallelise. Many architectures to 
select the largest input, called winner-take-all (WTA) 
networks, have been proposed [5,62,89,105,107,108], as 
have many transistor level implementations [26,39,56, 
80,91]. 

The PAirwise Comparison NETwork (pacnet), de-
scribed in [62], is one of the earliest architectures. It 
consists of a layered tree-like structure in which inputs 
are compared pairwise and the larger is passed on to 
the next layer. This network takes O(log n) time to find 
the largest of n inputs, but only takes 0( n) hardware. 
Maxnet is another early WTA network, which forms 
the basis for most recent architectures. Each neuron 
has positive feedback from itself and negative feedback 
from the others: 

dx· ~ 
-d' = af(xi)- b L.J(xJ) 

t ·~· 3-r-' 

(4) 

where f is a sigmoidal activation function. The coeffi-
cients a and b can be selected such that the activation 
of the largest neuron increases while those of the others 
decrease, eventually leaving one neuron fully on and the 
others fully off. This network takes O(n2 ) hardware 
for the pairwise inhibitory connections, and time which 
depends on the separation of the activations of the two 
largest neurons. 

One solution to the quadratic hardware complexity 
is to notice that much of the feedback is common to all 
neurons [89]. By rearranging ( 4) as 

dx· ~ -d' =(a+ b)f(xi)- b LJ f(xj), 
t . 

(5) 
J 

produces an architecture which has O(n) hardware 
complexity and unchanged dynamics. 

One problem with maxnet is that, as the number 
of competing neurons decreases, the strength of the 
inhibition decreases and convergence slows down. This 
may be overcome by increasing the strength of the in-
hibition, b, as the network converges [107]. Although it 
is difficult to change a weight in a hardware implemen-
tation, this may be combined with the ideas of [89] by 
clipping the total inhibition term [5]. 
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Several other enhancements [105,108] have been 
proposed which provide better performance than 
maxnet, but are quite complex and so less suitable for 
hardware implementation. 

2.8 Block Truncation Coding 
Block truncation coding (BTC) is a similar technique 
to product code VQ. In a BTC system, the image is 
divided into blocks and a coarse quantiser is designed 
for that block. Originally the quantiser was a single 
bit quantiser whose two levels are chosen to preserve 
the mean and standard deviation of the block, although 
more recent methods have found minimum mean square 
error (MSE) quantisers [98]. It has been shown that a 
Hopfield network is capable of generating such a quan-
tiser [82,83]. The results of [82] are 1/3 dB better than 
one of the popular methods [98], although there are 
other classical methods [70] which provide similar per-
formance. 

3 Hybrid Coding 
There are many well established techniques for image 
coding, which have been tuned for very high perfor-
mance, such as JPEG and MPEG [14,29]. Rather 
than throwing away all of that work and starting from 
scratch with a neural coder, it is often possible to use 
neural networks as an adjunct to existing techniques, 
providing them with some "intelligence". In this sec-
tion, several ways of enhancing traditional techniques 
by the addition of neural networks will be described. 

3.1 Region of Interest Detection 
In many cases, not all parts of an image are of equal 
importance. One very clear example of this is in video-
phone sequences, which generally co11sist of a head-
and-shoulders view of a person and a large area of 
background. Almost invariably the viewer will be more 
interested in the facial features than in the rest of the 
image, and the background will be of very little inter-
est. For this reason, it is often possible to transmit 
the same useful information much more compactly by 
concentrating coding effort on the face. But how does 
the coder know where the face is? It requires a neural 
network, or some other form of artificial intelligence, 
to identify the region of interest (ROI) and adjust cod-
ing accordingly. Of course, what is interesting in one 
context need not be interesting in another (even neural 
networks cannot read the mind of the viewer!), and 
so such schemes are very domain specific. However, 
the potential gains are sufficient that these schemes are 
worth pursuing in many instances. 

One such scheme [47] uses DCT coefficients to clas-
sify blocks as interesting or otherwise. A feedforward 
network is trained to identify edges, which are all 
considered interesting. If no edge is detected then a 
smaller set of the DCT coefficients is fed to a second 
network which distinguishes between interesting and 
non-interesting non-edges. Interesting blocks are then 
coded with greater precision. A gain of around 2 dB is 
reported, and because the scheme is designed to max-
imise perceptual quality of the images, rather than the 
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PSNR, this figure can be expected to underestimate the 
improvement. 

3.2 Feature Detection 
Domestic videophones operating over standard tele-
phone lines will need extremely high levels of compres-
sion. Two promising techniques offering very high com-
pression of video signals are model-based coding [27 ,59] 
and object oriented coding [42]. Both of these ap-
proaches aim to code the semantics of the image, rather 
than just the pixel values. They treat a scene as be-
ing composed of moving objects which have texture 
"mapped" onto them by advanced computer graphics 
techniques. In such schemes, it is vital to locate impor-
tant features of the scene, such as the eyes and mouth 
in a head-and-shoulders view. This is more than simply 
determining the quality to use in the chosen region, but 
fundamentally affects the nature of the resulting scene. 

Among the many other techniques for detecting 
such features, several neural network approaches have 
been tried [45,102]. In [45] an SOM (see section 2.1) is 
used to design a template matching system to detect 
eyes. This system did not explicitly use the order-
ing of the map in the classification phase and so is 
essentially a template matching scheme. However, it 
differs from most template matching schemes in several 
ways. Rather than registering a feature when the match 
between the input and a feature template is above a 
threshold, there are both "feature" and "non-feature" 
templates, and a feature is registered when the best 
matching template is a "feature" template. In addition, 
the templates are not taken directly from real features, 
but are generated by presenting examples of features 
and non-features and letting the network generate its 
own templates. This allows the number of templates to 
exceed the number of training samples. 

An entirely different approach was taken in [102], 
where an ensemble of feedforward networks is used to 
locate facial features. A multiresolution approach is 
taken, in which a very coarse image is first scanned to 
locate possible feature locations, and then the likely re-
gions are scanned in the full resolution image. Because 
the structure of a face is already known, it is possible 
to filter out many implausible combinations of feature 
locations, say with the mouth being in line with the 
eyes. 

Both of these schemes are almost sufficiently accu-
rate for coding purposes. 

3.3 Motion Estimation 
In many schemes for coding moving images it is im-
portant to estimate the motion of parts of the scene. 
However, in model based coding, three dimensional mo-
tion rather than two dimensional motion is required. 
This is normally done by solving a system of non-linear 
equations describing the projection from three dimen-
sional to two dimensional space. However, this is very 
computationally expensive, and since the computation 
must be done in real time, a faster method must be 
sought. Approximate motion parameters can be ob-
tained quickly by feeding the two dimensional motion 
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vectors from several points in the image into a neural 
network. In [28], classical techniques were used to lo-
cate features in the face. The offsets of these points 
from reference positions were fed into a feedforward 
neural network which had been trained to output the 
three dimensional poise (position and orientation) of 
the head. Poise rather than motion was estimated so 
that small errors in the estimate do not build up over 
time. 

3.4 Pre- and Post-Processing 
Another way in which neural networks can assist con-
ventional image coding techniques is in pre- or post-
processing. Post processing typically involves some 
form of filtering to mask the degradation introduced 
by the coding. Clearly this cannot add any information 
back into the image, but it can make the image appear 
more realistic by removing artificial structure. 

One very common form of postprocessing is block 
removal. Many coders, such as transform coders used 
in JPEG and MPEG, and VQ based coders, divide 
an image up into small blocks and treat each block 
separately. This generally produces clear discontinu-
ities at the boundaries between blocks, known as the 
blocking effect. Many schemes have been proposed to 
combat this problem by smoothing the output (for ex-
ample [106]), including some neural solutions [40]. This 
problem is essentially non-linear since linear filtering 
simply blurs the entire image, and so the ability of 
neural networks to act as non-linear filters is ideal for 
this task. 

4 Transform Coding 
A common technique for reducing redundancy in a sig-
nal is to transform it so that successive samples are 
statistically uncorrelated. The most common type of 
transformation is a linear transformation, which corre-
sponds to expressing the signal with respect to a dif-
ferent basis. In general, a linear transform is given by 
x = Ay, where x is the input domain vector, y is the 
transform domain vector, and A is the matrix whose 
columns are the basis vectors of the transformed space. 
If A is orthonormal, then the transformed vector can 
be found from y =AT x, since A- 1 =AT. 

The input stage of a neural network essentially con-
sists of the multiplication of a vector by a matrix, 
which makes neural networks ideally suited to trans-
form tasks. It can be implemented quite simply in 
hardware by applying a vector of voltage sources to 
an array of conductance elements. The sums of the 
resulting currents can then be calculated and converted 
back to voltages (see for example [20]). Thus any linear 
transform can be implemented simply in neural hard-
ware. 

4.1 Principal Component Analysis 
By far the most common transform to be used with neu-
ral network technology is the Karhunen-Loeve trans-
form (KLT). This is treated extensively in [25], and 
the interested reader is strongly urged to consult this 
survey. It will be summarised here for completeness. 
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The KLT, also known as principal component anal-
ysis (PCA), is a well established statistical technique 
used to preprocess data [49]. It is a linear transform 
which decorrelates random vectors by projecting them 
onto the eigenvectors of the autocorrelation matrix. 
Discarding components corresponding to small eigen-
vectors is an optimal form of compression in the MSE 
sense [30]. Unlike other linear transforms such as the 
DCT, DFT or Hartley transform, there is no simple 
closed form for the basis vectors of the KLT, and so 
the vectors must be determined by examining a large 
training set. Among the many techniques for doing 
this, there are numerous neural techniques [8,41,77,78]. 
These generally train a three layer feedforward network, 
linear or otherwise, with m input and output neurons 
and n < m hidden neurons. When the network is 
trained the target output is the same as the input, so 
that the network weights adapt such that the hidden 
layer activations form an optimal n dimensional repre-
sentation of the input vector. Thus the weight vectors 
mapping from the hidden layer to the output form a 
basis for the space spanned by the n principal vectors 
of the KLT (although they need not be the same actual 
vectors). Some work has been done on finding the 
true KLT components [78], although image coding is 
primarily concerned with finding an orthonormal basis 
for the subspace spanned by the principal components. 

4.2 Traditional Transform Coding 
In addition to determining and implementing the op-
timal KLT, neural networks have been applied to the 
task of performing more traditional linear transforms 
such as the DCT and DFT [13,18,20,69,92]. Since 
any linear transform consists of the multiplication of 
a vector by a matrix, any such transform can be im-
plemented by a simple single layer linear feedforward 
neural network. However, most proposals have involved 
much more complicated systems than that, as discussed 
below. 

It has been noted [13,18] that the joint operations of 
transformation and quantisation/analog-to-digital con-
version can be formulated as a single quadratic optimi-
sation task which can be implemented by a Hopfield-
Tank linear programming network [93]. Unfortunately 
this scheme has many deep local minima caused by the 
very badly conditioned way in which the number of '1' 
bits in a number relates to its magnitude. One solution 
proposed to this problem [69] is to remove the feedback 
connections. This results in an ADC which calculates 
the bits in order from most to least significant, just like 
a standard binary approximation ADC. Its strength lies 
in its parallelism which allows partial computation of 
the lower order bits before the higher order bits have 
entirely settled. However, the input to this ADC is now 
the transformed image rather than the original image, 
and so the original aim of unifying the two aspects of 
coding has not been achieved. 

In another attempt to implement to use neural net-
works for linear transforms [20], a Hopfield-Tank circuit 
was used to implement the discrete Hartley transform 
(DHT) and thence the complex OFT. This scheme was 
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shown to have very rapid convergence and be insensitive 
to errors in the weight matrix. However, it was later 
pointed out [92] that a simple modular network, with 
only local connections, can achieve the same accuracy 
and faster computation due to the local nature of the 
feedback. 

4.3 Gabor Transform 
The Gabor transform is a common tool in image anal-
ysis which can also be used for image coding. It is a 
form of optimal compromise between a spatial domain 
and a frequency domain representation, and can thus 
be thought of as an optimised version of the DCT ( al-
though the DCT has other properties which make it 
better suited to image coding). 

Although it is a linear transform, the Gabor trans-
form is less easy to perform than most linear transforms 
for several reasons. Firstly it is not orthogonal and 
secondly it is not in general separable. If the transform 
matrix, A, is orthonormal, then the transformed vector 
can be found from y = ATx, since A-1 = AT . If 
the transform is not orthogonal, then A-1 must either 
be found in closed form or be computed in advance 
and stored. That is where the problem of separability 
arises. Most common two dimensional transforms are 
the formed by performing a one dimensional transform 
along one axis and then performing a second transform 
on this data along the other axis. Thus data of size n x n 
requires a matrix of size n x n. A general inseparable 
transform must be performed on the entire data set 
in a single step, requiring a transform matrix of size 
n2 x n2 . With a typical image of size 256 x 256, it is 
feasible to store A- 1 for a separable transform but not 
for an inseparable one. It is for this reason, rather than 
because it is not orthogonal, that the Gabor transform 
is challenging. 

Daugman [21,22] proposed a relaxation algorithm to 
calculate the Gabor transform, which has been taken 
up by other researchers [103]. Although neither the 
forward nor inverse matrices can be stored, there is a 
closed form expression for the reverse transform which 
allows it to be calculated at run time. The algorithm 
thus finds approximate transform coefficients, performs 
the inverse transform and then updates the coefficients 
to reduce the reconstruction error. Although this is 
termed a neural network, it does not have the prop-
erty of hardware realisablility usually associated with 
neural networks. To perform the inverse transform in 
hardware would require the storage of a matrix just as 
large as that required by the forward transform. Thus, 
after the initial cost of inverting the matrix, the direct 
implementation would again be simpler. Despite this, 
the algorithm is a useful way of performing a difficult 
transform in software. 

5 Predictive Coding 
A simple approach to waveform coding is predictive 
coding, or differential pulse code modulation (DPCM) 
[15,75], in which the next sample is predicted from the 
previous samples. The prediction error usually has a 
lower rate-distortion function [10) than the original and 
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may thus be coded more concisely. The prediction may 
be based on one previous sample, or a linear combi-
nation of several. An obvious extension from linear 
predictors is the use of non-linear predictors such as 
neural networks [24]. The application of neural net-
works to predictive coding is also covered well in [25], 
and the interested reader is again referred there. 

Care must be taken in comparing linear and non-
linear predictors. For example, in [24] a neural predic-
tor with over 100 parameters is compared with a linear 
predictor with only three, each using three pixels. A 
fairer comparison, in terms of training time and ex-
ecution speed, would be with a linear predictor with 
say six parameters, which would consider six preceding 
pixels. A slight drawback of using more pixels is that 
the predictor cannot be used as dose to the borders of 
the image. 

One non-linear approach not using neural networks 
classifies the reference pixels as "light" or "dark", and 
has a separate set of coefficients for each wmbination 
oflight and dark [16]. This scheme has n2n parameters 
for n pixels of context as well as one very important 
parameter, the threshold between light and dark. The 
threshold can be selected by use of the image histogram, 
and once it has been selected the remaining predictor 
coefficients can be determined optimally from a suffi-
ciently large training set. Thus despite the large num-
ber of parameters, this scheme would not suffer from 
the problem of local optima which plagues large neural 
networks. 

A common technique for speech coding is linear 
predictive coding (LPC), in which a linear predictor 
is designed for each short section of speech. Instead of 
using a static predictor and transmitting the prediction 
error, LPC transmits the entire model (predictor) to 
code the signal. This technique can also be used for im-
age coding [79,109]. Since neural network models have 
notoriously large numbers of parameters, this coding 
scheme, although ostensibly similar to the predictive 
coding of the previous paragraph, is quite unsuited to 
neural network technology. 

6 Conclusion 
This paper has described a wide range of ways in which 
neural networks have been applied to the task of image 
coding, including some less well known techniques as 
well as the more common ones. Most of the tech-
niques mentioned are competitive with the correspond-
ing classical techniques. However, none of the schemes 
provides comparable performance to the best classical 
techniques, DCT and subband coding. The DCT, in 
the form of the JPEG standard, has been optimised 
into an extremely effective compression method which 
dominates current usage. Despite this, the simplicity of 
the paradigms on which the neural network techniques 
are based allows them to be implemented in less expen-
sive hardware, and so they successfully comlement the 
more powerful techniques, rather than competing with 
them. 
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Abstract 
An adaptive control procedure utilising neural networks is presented. The method is based on the model refer-
ence control technique and can be applied to multi-input multi-output discrete-time nonlinear systems of unknown 
structure. Multi-layered neural networks are used to approximate the plant Jacobian and synthesise the controller. 
An enhanced reference model is proposed which generates the desired output response and enables sufficient con-
ditions for the convergence of the tracking error between the desired output and controlled output to be derived. 
Lyapunov theory is used to show that the overall system is stable. Simulation studies demonstrate that the pro-
posed scheme performs well even in the presence of dynamic perturbations. 
Keywords: neural networks, adaptive control, tracking error convergence 

1 Introduction 

In contrast to linear adaptive control, adaptive design 
techniques for nonlinear systems have yet to be estab-
lished for a general class of nonlinear structure. Most 
of the commonly used geometric approaches to nonlin-
ear adaptive control, such as input-output linearisation 
and feedback linearisation, primarily deal with systems 
where the uncertainty is due to unknown parameters 
which appear linearly with respect to the known non-
linearities. Furthermore, such systems are generally 
linear in control (affine). 

The emergence of artificial neural networks as a method 
of forming an arbitrarily close approximation to any 
continuous nonlinear function [1, 2) has offered an al-
ternative approach to solve a more general class of non-
linear problems. The parallel nature of neural networks 
and their fast adaptability has provided additional in-
centive for the investigation of their use in the identifi-
cation and control of complex nonlinear systems. Con-
sequently, several neural network based control archi-
tectures have been proposed in recent years [3, 4, 5, 6). 

Critical to any practical adaptive control approach is 
the convergence of the tracking error and the stability 
of the closed-loop system. However, in a control system 
with neural networks it is difficult to prove properties 
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such as stability. The main reason is the mathemat-
ical difficulties associated with the use of highly non-
linear neural network controllers in complex nonlinear 
systems. Some progress has been made in this area 
and some important theoretical results are beginning 
to emerge [3, 6), but the overall knowledge and develop-
ment of stability techniques for neural control systems 
is still quite immature. 

This paper is concerned with the development of a sta-
ble neural network based adaptive control scheme for 
discrete-time nonlinear systems. The scheme is based 
on the model reference adaptive control design method-
ology with a multi-layered neural network generating 
the model reference control. The neural adaptive con-
trol framework is developed for arguably the least an-
alytically tractable nonlinear system, namely general 
multi-input multi-output non-affine discrete-time dy-
namic systems with unknown structure. Therefore the 
approach is capable of dealing with systems where the 
control is heavily embedded within the nonlinearities 
of the system dynamics. This is in contrast to many of 
the existing approaches to the control of nonlinear sys-
tems. The relative degree and order of the system and 
the maximum Jag in the plant input and plant output 
terms are the only a priori knowledge assumed. 

The general philosophy of the approach proposed m 
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this paper is inspired by the optimal decision strat-
egy {ODS) approaches of Spong et al. [7] and Re-
hbock et al. [8]. As a consequence, an enhanced refer-
ence model is proposed which enables the derivation of 
sufficient conditions to ensure the convergence of the 
tracking error between the controlled output and the 
desired response for a general class of nonlinear sys-
tem. Lyapunov theory is used to show that the closed-
loop system is stable. Simulation studies undertaken 
demonstrate the effectiveness of the proposed scheme 
in controlling discrete-time nonlinear systems subject 
to dynamic variations and uncertainties. 

2 An Enhanced Model Reference 
Neural Control Scheme 

The neural controller which is proposed in this paper 
is based on the well established model reference adap-
tive control methodology. The scheme incorporates a 
stable reference model which reflects the desired closed-
loop dynamics of the plant. The controller is designed 
to generate control variables such that the output of 
the plant tracks the reference model output for a given 
bounded reference input. This is achieved by adjust-
ing the parameters of the controller via the adjustment 
mechanism so as to minimise the error between the 
reference model and the system. For a neural net-
work based model reference control problem the above 
scheme can be mathematically expressed as follows: 

Consider a plant governed by the following nonlinear 
difference equation 

f(Yp(k), · · ·, Yp(k -I+ 1); 
u(k), · · ·, u(k- m+ 1)) 

V'kEN {1) 

where Yp E Rn is the output vector, u E Rr is the 
control vector, f : Rnxl X 1wxm -+ IRn is a smooth 
nonlinear function, Ypo is the initial output vector , k is 
the time index, N is the set of natural numbers and m 
and 1 are the number of delayed values of plant input 
and plant output respectively. 

Consider a stable reference model governed by 

Ym(k + 1) 
Ym(O) 

fm(Ym(k), · · ·, Ym(k- d + 1); r(k)) 
Ymo (2) 

where Ym E IRn is the reference model output vector, 
rE Rn is the reference input, fm : Rnxd X Rr -+ Rn 
is usually a linear function, d :=:: 1 and Ymo is a given 
initial output vector for the reference model. 

The control strategy is to find a feasible control input 

u(k) = g(yp(k), · · ·, Yp(k- 1 + 1); u(k- 1), · · ·, 
u(k- m+ 1); r(k); We) (3) 
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where g : nnxl X Rrxm -+ Rr ' is a neural network 
parameterised by the weights We, such that the corre-
sponding plant output is nearest, in some norm sense, 
to a desired output y:., ( k + 1). This output variable is 
to be specified a priori as a function of the plant out-
put and the reference model output. An appropriate 
way to generate y:n ( k + 1) is 

y:r,(k + 1) = Ym(k + 1)- A(ym(k)- Yp(k)) (4) 

where A is ann x n Hurwitz (stable) matrix. The com-
bination of the reference model {2) and the enhanced 
output ( 4) is called the enhanced reference model in 
Figure 1. By minimising the cost function given by 

~------------------------ - -~ 
1 Reference Y,.(k+ l) Enhanced Reference Model : 

.------',-~ Model I 

I 

L--- --------- -~ 
I 

Figure 1: Block diagram of the proposed control pro-
cedure with enhanced reference model 

E=f})y:r,(k + 1)- Yp(k + 1))7{y'm(k + 1)- Yp(k + 1)) 
1:=0 

(5) 
where N is the number of samples, a suitable control 
input u(k) is generated. 

The motivation for using v'm ( k + 1) in the cost function 
is that sufficient conditions to ensure the convergence of 
the tracking error can be established. To demonstrate 
this , firstly define the tracking error as 

Ym(k + 1)- Yp(k + 1) 
eo (6) 

A residual c(k + 1) which represents the difference be-
tween the plant output and desired response, is then 
introduced, i.e., 

c(k + 1) = y:r,(k + 1)- Yp(k + 1) 

It follows that 

A(ym(k)- Yp(k)) + c(k + 1) 

(7) 

AeT(k) + c(k + 1) (8) 

The principal aim of any model reference adaptive con-
trol scheme is to ensure the convergence of the tracking 
error. It can be shown that with the proposed en-
hancement, the neural network based MRAC scheme 
presented here will satisfy this aim under certain condi-
tions. This issue is addressed in the following theorem. 

Summer1995 



22 

THEOREM 2.1 The tracking error eT(k) converges 
to zero if the residual c( k + 1) satisfies the following 
inequality 

llc(k + 1)11 :S 1
- ~max lleT(k)ll Vk EN 

(9) 
where 11·11 is the l2-norm, K = IISIIIIS- 1 11, Amax is the 
largest eigenvalue of A, and S is the matrix of eigen-
vectors of A. 

Proof: Consider the tracking error defined by (8), 
i.e., 

Recursively substituting (17) into (18) yields 

!(k) :S K lleoll B(m) + m1(0) B(m) 

where 

(19) 

(k- 1)(k- 2) B(m) = mk- 1+(k- 1)mk-2+ mk-3 
2 

+ ···+ e~1)mk-1-i+ · · · 
(k- 1)(k- 2) 

+ m2 +(k-1)m+1 (20) 
2 

Using the binomial theorem, (19) can written as 

!(k) ::; [K lleoll + m1(0)](m + 1)k-l (21) eT(k + 1) = AeT(k) + c(k + 1) 
eT(O) = eo (10) With 1(0) = lleoll 

Its solution takes the form !(k)::; (K +m) lleoll (m+ 1)k-1 (22) 
k 

eT(k) = Akeo + L Ak-ic(i) (11) Multiplying (22) by A~ax> one gets 
i=l 

Taking l2-norms of both sides of (11) yields 
k 

lleT(k)ll :S IIAklllleoll + L IIAk-illllc(i)ll (12) 
i=1 

Assume that A is chosen such that it has real and dis-
tinct eigenvalues. Therefore 

(13) 

where A is a diagonal matrix with the eigenvalues of 
A on the main diagonal and S is the corresponding 
matrix of eigenvectors of A . It follows that 

IIAkll ::; IISIIIIAkiiiiS-1 11 
::; KA~az (14) 

where K = IISII IIS-111 and Amaz is the largest eigen-
value of A. From (12) and (14), one gets 

k 

lleT(k)ll :S l<A~ax lleoll + L KA~~~ llc(i)ll (15) 
i=1 

Consider that inequality (9) holds. Therefore (15) be-
comes 

k 

lleT(k)ll :S I<A:naz Ileal I+ L mA~~~+l lleT(i- 1)11 
i=1 

(16) 
where m < 1 ~:~:·. Multiplying (16) by A;;,~z and 
defining 1(k) = A;;,~zlleT(k)ll, yields 

k 

i(k) :SI<. lleoll + L m1(i- 1) (17) 
i=l 

Expanding ( 17), one gets 

!(k) S K lleoll + m1(0) + m1(1) + · · · + m1(k- 1) 
:S K lleoll + m1(0) + m[K lleoll + m1(0)] + · · · 
+ m[KIIeoll+m!(O)+m!(1)+ · ·+m1(k- 2)] 

(18) 
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or 

lleT(k)ll :S (I<+ m) lleoll (m+ 1)k-l A~ax 

K+m k lleT(k)ll < --1 lleoll [(m+ 1)Amax] -m+ 

(23) 

(24) 

As m < ~ - 1, then (m+ 1)Amaz < 1. Thus as 
k- oo, lle;(%)11- 0 

I I I 

Stability of the overall system is another important 
property which needs to be demonstrated in order that 
the control scheme fulfills its original aims. Lyapunov 
stability theory may be used to guarantee stability. 
This involves firstly choosing a Lyapunov function can-
didate, and then selecting the control strategy to en-
sure that the hypotheses of a particular stability theo-
rem are satisfied. More precisely, consider the tracking 
error 

eT(k + 1) = AeT(k) + c(k + 1); eT(O) = e0 (25) 

Let a possible Lyapunov function candidate be 

V(eT(k)) = eT(k? PeT(k) (26) 

where P E Rnxn is a positive definite real symmetric 
matrix. Then 

.6-V(eT(k)) = V(eT(k + 1))- V(eT(k)) 
eT(k + 1? PeT(k + 1)- eT(k)T PeT(k) 

= [AeT(k) + c(k + 1)f P(AeT(k) + c(k + 1)] 
-eT(k)T PeT(k) 

= eT(kf AT PAeT(k) + eT(k? AT Pc(k + 1) 
+c(k + 1)T PAeT(k) + c(k + 1)T Pc(k + 1) 

-4(k)PeT(k) 
= eT(k?[AT PA- P]eT(k)+2c(k + 1)T PAeT(k) 

+cT(k + 1)Pc(k + 1) 
= -eT(k)T QeT(k) + 2c(k + 1? PAeT(k) 

+cT(k + 1)Pc(k + 1) (27) 
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If 

2c(k+1f PAeT(k)+c(k+1)T Pc(k+1) < eT(kf QeT(k) 
(28) 

where -Q =AT PA - P, then 

~V(eT(k)) < 0 (a negative definite) (29) 

Thus if c(k + 1) satisfies the inequality (28), then the 
neighbourhood eT = 0 of (25) is stable. 

I I I 

The result is stated as follows: 

THEOREM 2.2 There exists a Lyapunov function 
candidate V(eT(k)) = eT(k)T PeT(k) which results in 
the neighbourhood ET = 0 of (25} being stable, where P 
is a solution of the Lyapunov equation AT P A- P = 
-Q; Q E Rnxn, if the residual c(k + 1) satisfies the 
inequality 

2c(k+1)T PAeT(k)+c(k+1f Pc(k+1) < eT(k)T QeT(k). 
(30) 

REMARK 2.1 The inequality {30} is also an alter-
native sufficient condition on the residual c( k + 1). 

It can be shown that the cost function given in (5) can 
be minimised by the following [9]: 

au(k) 
Wc(k + 1) = Wc(k) + 'fJ {)Wc(k) ec(k) (31) 

where We are the controller neural network weights, 'fJ 

is the learning rate, the term 8;;~2) is obtained from 
the backpropagation algorithm and the controller error 
is an r-dimensional vector ee = [ e.c1 , ec2 , •.• , ec.J given 
by 

_ ayp(k + 1) 
ec(k)- au(k) (I- A)(v(k)- Yp(k + 1)) (32) 

The above weight update equation involves the J a-
cobian of the plant aya$01), which is unknown. An 

approximate of the Jacobian aga~~0l), is obtained by 
backpropagation through the neural network that iden-
tifies the plant [10]. The resultant weight update equa-
tion for this and the term Yp(k + 1) represents the n-
dimensional neural network estimate of the plant out-
put vector. The weight update equation (31) is then 
used in conjunction with the backpropagation algo-
rithm to train and synthesise the controller. 

In order that the residual c( k + 1) satisfies either suf-
ficient condition (9) or (30), an iterative search is con-
ducted on the control. The search is initialised with 
the controller input vector at time k and the controller 
network weights are modified according to the weight 
update equation (31) until one of the the termination 
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criteria are met: (i) the residual satisfies (9), (ii) the 
residual satisfies (30), or ( iii) the number of iterations 
reaches a maximum ("computationallimit"). The new 
value of control u(k) is then the value of control at the 
end of the iterative search. This approach is similar 
in spirit to the procedure presented by Hoskins et al. 
[11]. 

3 Simulation Examples 

3.1 Multi-Input Multi-Output System 

The theory for the enhanced model reference neural 
adaptive control scheme furnished in Section 2 is de-
rived for a general multi-input multi-output case. There-
fore to demonstrate the effectiveness of the proposed 
scheme, a multivariable simulation study is presented. 
The system is nonlinear in output variable and control 
and the nonlinearities are not separable. The plant 
consists of cross-coupling in the output variables. 

EXAMPLE 3.1 The plant dynamics are described 
by the following difference equation 

A stable linear reference model given by the following 
difference equation is used 

Ym 1 (k + 1) = 0.5ym1 (k) + 0.6u1(k) + 0.5u3(k) 
Ym 2 (k + 1) = 0.5ym2 (k) + 0.5u2(k) + 0.5u3(k)(34) 

For multiple-output systems, a diagonal matrix A is 
usually considered for the sake of simplicity. Therefore, 
the enhanced reference model which is used consists of 
(34) and 

[Y~ 1 (k + 1)] = [Ym 1 (k + 1)] _A [Ym 1 (k)- Yp(k)] 
Ym 2 ( k + 1) Ym 2 ( k + 1) Ym 2 ( k) - Yp ( k) 

_ [Ym 1 (k+l)] - [au 0] [Ym 1 (k)-Yp(k)] 
- Ym 2 (k + 1) 0 a22 Ym 2 (k)- Yp(k) 

(35) 

REMARK 3.1 In order for Theorem 2.1 to be valid 
the relationship 1-;r . ., > 0 must hold, where /{ = 
IISIIIIS-1 11 and 11·11 is the Euclidean 2-norm. Therefore 
the maximum eigenvalue of A is Amax < 1. For an n X 

n diagonal matrix A, the eigenvalues are the diagonal 
elements a;;, where i = 1 ... n. Hence the diagonal 
elements of A should be chosen such that a;; < 1. For 
this example, the elements of the 2 x 2 diagonal matrix 
A are chosen such that au = a22 = 0.2. 
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REMARK 3.2 Theorem 2.1 provides a sufficient con-
dition for the guaranteed convergence of the tracking 
error. However, if the tracking error grows whilst it 
is not satisfied then the stability matrix A is adjusted 
in order to try and force the convergence of the track-
ing error. Whilst this provides the designer with an 
additional degree of freedom, the adjustment of A is 
presently achieved in a heuristic manner with the only 
guidelines provided by the previous remark. 
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Figure 2a: Response of the plant (Yp = [yp,, Yp 2 ]T), 
reference model (Ym = [Ym,, Ym 2 ]T) and enhanced ref-
erence model (y'm = [y'm,, y'm 2 JT) for Example 3.1 

A neural network consisting of 3 outputs [u1 , u 2 , u3], 

5 inputs [Yp,, Yp 2 , u1, u2, u3] and 2 hidden layers with 
10 nodes each is used to implement the controller, i.e., 
0~ 10 10 3 . The emulator network belonged to the class a' , , . 
0 5 10 10 2 . A learnmg rate of 'fJ = 0.2 and momentum 
rate ~f ~ = 0.1 is used for both networks. 

The ability of the controller to adapt to a changing 
input is investigated by considering the following ref-
erence input 

r3(k) 
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a(k/200)sgn[sin( ~~~ )] 

a(k/200)sgn[sin( ~~~ )] 

0.2a(k/200)sgn[sin( ~~~ )] (36) 

where a(k/200) is a random variable in lR[O, 1] whose 
value is changed every 200 samples. The various re-
sponses for this input are given in Figures 2a and 2b. 

The plant, reference model and enhanced reference model 
responses shown in Figure 2a indicate that the tracking 
performance of the the enhanced neural control scheme 
is very good despite the variable nature of the refer-
ence input and the complex cross-coupling of variables 
which exists in the the system. In fact, after the first 
few samples, there is no discernible difference between 
the plant and reference model responses. 

Figure 2b demonstrates that the control required to 
achieve the good tracking performance is relatively in-
active. This is particularly significant from a practical 
viewpoint as minimal control activity helps to reduce 
the "wear and tear" on the control mechanism and min-
imise the energy usage, which in turn means a more 
economical system . 

The excellent performance of the enhanced neural con-
trol scheme for this simulation study suggests that the 
proposed scheme is capable of effectively controlling 
complex nonlinear multi-input multi-output systems. 
This augers well for the practical viability of the scheme, 
as a host of commonly occurring practical systems are 
multivariable structures. 

3.2 Plant Uncertainty 

In this example the robustness of the proposed con-
trol scheme to plant uncertainty is investigated. The 
performance of a control system in the face of plant 
uncertainty is an important issue. No mathematical 
system can exactly model a physical system and as 
a result it is necessary to be aware of how modelling 
errors due to the plant uncertainties affect the per-
formance of the control system. Typical sources of 
uncertainty include unmodelled (high-frequency) dy-
namics, neglected nonlinearities, over-parameterisation 
or under-parameterisation and plant parameter ( dy-
namic) perturbations. 

Dynamic perturbations (or variations in the dynamics 
of the system) are often due to environmental factors 
such as temperature, air speed, age or a changing en-
vironment. An example of a dynamic perturbation is 
the effect of changing sea-conditions on a ship. As the 
coefficients of the dynamic ship model are functions of 
speed, this change in environmental conditions results 
in a variation in the dynamics of the ship system. If the 
control system performs well for substantial variations 
in the system dynamics from the design scheme and 
the stability of the closed-loop system is maintained, 
then the scheme is said to be robust. Plant uncertain-
ties of the types described above can be represented in 
the form of an additive or multiplicative perturbation. 
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Figure 2b: Control input ( u = [ u1, u 2 , ua]T) for Ex-
ample 3.1 
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EXAMPLE 3.2 Both additive (!lfa) and multiplica-
tive (!lfm) perturbation models are considered to ver-
ify the robustness of the neural network based model 
reference control scheme in the presence of structural 
variations in the plant. Therefore the two systems con-
sidered are given by the following difference equations 

where the perturbation models used are given by 

k < 400 
k 2:: 400 (39) 

The reference model considered also consists of a vari-
able structure. It is given by the following difference 
equation 

Ym(k + 1) = 0.2ym(k) + 0.2ym(k- 1) + r(k) (40) 
Ym(k + 1) = 0.2ym(k) + 0.5r(k) (41) 

where ( 40) is for k < 800 and ( 41) is for k 2:: 800. In 
practice a change in the reference model may often oc-
cur when the closed loop response of the system needs 
to be altered in order to meet the performance require-
ments. For example, it may be that for the given oper-
ating conditions, the response of the closed loop system 
needs to be quicker or that the gain of the overall sys-
tem is insufficient and therefore, the reference model 
needs to be changed in order to overcome these prob-
lems. 

The enhanced reference model chosen is ofthe form 

Ym(k + 1) = Ym(k + 1)- 0.1(Ym(k)- Yp(k)) (42) 

Neural networks belonging to the class 0~ 20 10 1 are 
used for both the controller and emulator' n~t~orks. 
A learning rate of 'fJ = 0.2 and a momentum rate of 
a = 0.1 is also used. 

Figure 3a shows the response for the plant, reference 
model and enhanced reference model for the enhanced 
neural control scheme with an additive perturbation 
present. The corresponding responses for the multi-
plicative perturbation case are provided in Figure 3b 
The simulation results indicate that the outputs of the 
unknown plant track the outputs of the reference model 
(and enhanced reference model) very closely, despite 
the fact that the structure of the plant is varied during 
the control process. Furthermore, the control scheme 
is capable of effectively dealing with the change in ref-
erence model. 
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Figure 3a: Response of the plant (Yp), reference 
model (Ym) and enhanced reference model (y'm) for an 
additive perturbation model with the enhanced refer-
ence model 
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Figure 3b: Response of the plant (Yp), reference 
model (Ym) and enhanced reference model (y~) for a 
multiplicative perturbation model with the enhanced 
reference model 

4 Conclusions 

An approach to control a discrete-time multi-input multi-
output nonlinear system of unknown structure is pre-
sented in this paper. The approach is based on the 
model reference control scheme. An enhanced refer-
ence model is proposed which enables the important 
issues of the convergence of the tracking error between 
the plant output and the reference model output, and 
the stability of the overall closed-loop system to be ad-
dressed. 

A simulation study is conducted to demonstrate the 
effectiveness of the approach in controlling complex 
multi-input multi-output nonlinear systems. In par-
ticular, a multivariable system is considered in which 
the control is heavily embedded in the nonlinearities of 
the system and the output variables are cross-coupled. 
Such systems are generally not addressed by many of 
the traditional approaches to nonlinear adaptive con-
trol. 

The robustness of the scheme to variations in the dy-
namics of the system is also investigated via a sim-
ulation study. Such variations are common in prac-
tical systems and can represent changes in the envi-
ronmental or operating conditions of the system. The 
scheme is shown to be effective in dealing with both ad-
ditive and multiplicative perturbations. The effect of a 
change in the reference model and therefore a change 
in the desired closed closed loop response of the sys-
tem is also investigated. The scheme is also found to 
be robust to these changes. 
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Abstract 
Artificial neural networks were investigated as part of a fast artery tracking algorithm to quantifY coronary artery 
disease. A three layer feedforward network was trained on synthesised images to recognise the artery direction. 
The neural network inputs were derived from a circular pixel mask centered over the artery in a coronary angiogram 
image. The network performed well on the synthesised images and also on coronary angiogram images. 

1. Introduction 
Coronary angiography is a diagnostic imaging 

technique used in determining the location and severity 
of stenotic lesions in the arteries which supply the heart 
muscle with blood [4][14]. 

An artificial neural network is considered for use in 
automatically tracking the longitudinal axis of the artery 
lumen. Based on the current tracking vector direction 
and an array of pixels around the current point, the 
neural network is required to calculate the new vector 
direction which maintains the longitudinal tracking 
within the lumen. This method differs from conventional 
artery tracking algorithms [ 6] [ 17]. 

2. Coronary Angiography 

2.1 Coronary angiographic technique 

A catheter is placed in the aorta near the aortic valve 
usually via the femoral artery. The tip of the catheter is 
positioned in the opening of the right or left coronary 
artery and a radio-opaque contrast agent is injected. This 
strongly absorbs X-rays and thus highlights the arterial 
tree. An X-ray tube, operating in pulsed mode, together 
with an image intensifier and a camera, produce a series 
of images such as that in Figure 2.1. 

Figure 2.1 Example coronary angiogram frame. 
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Because the coronary arteries distribute a lot of blood 
over a short distance, any given image will usually have 
multiple branches visible. This extensive branching is a 
difficulty in the automatic processing of these images. 
Figure 2.2 shows the left anterior descending coronary 
artery, and illustrates the extent of this branching. 

Figure 2.2 Branching of the LAD coronary artery. 

An additional problem in visualising this 3D 
structure, is that the branches often overlap the main 
artery on the 2D image plane. This makes it more 
difficult to analyse the width and density of the main 
arteries. Figure 2.3 shows a branch leaving the main 
artery perpendicular to the image plane. This branch then 
curves and runs parallel to the main artery, overlapping it 
for a short distance. Conventional analysis, based on 
edge detection [2][5)[12][16][20], has considerable 
difficulty with this type of image. 

Figure 2.3 Overlap of main artery with a branch in the 
image plane. 

Stenosis of the arteries is evident on the angiograms 
as some combination of reduced diameter, and reduced 
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net radiodensity after integration across the diameter. 
Because the stenotic lesions are often eccentric, one or 
other of these may dominate depending on the angle of 
the X-ray beam. Quantitative angiography arises because 
there is a need to accurately and repeatably assess the 
degree of stenosis and its physiological impact (3]. 

2.2 Quantitative analysis 

The visual assessment of coronary angiograms is 
subjective and prone to errors. Difficulties include the 
complex spatial and temporal orientation, extensive 
branching, and eccentric nature of the lesions. Despite 
being commonly used, the percentage change in diameter 
("percent stenosis") is an inaccurate indicator of 
physiologic significance. The minimal lumen area is 
more useful [7]. This work is application oriented and the 
end result is to produce accurate and reliable parameters 
which reflect the anatomy and the functional physiology. 

Two main types of digital processing can be 
performed to assess the degree of stenosis. These are 
artery profile analysis, giving diameter parameters, and 
densitometric analysis giving area parameters [1](5][7]. 
Densitometric analysis has the potential to provide the 
most information on functional significance because of 
its independence of cross sectional shape and 
angiographic view. 

A strong correlation has also been found between 
stenosis morphology and the presence of histological 
complications such as plaque rupture, haemorrhage, and 
clots. A smooth hourglass shaped stenosis without 
intracoronary lucency indicates an absence of histological 
complications (11]. Wilson has described a quantitative 
definition of luminal irregularity, the ulceration index, 
and correlated this with unstable angina [19]. Using a 
neural network for pattern analysis has the potential to 
provide a parallel evaluation of diameter, cross-sectional 
area, and stenosis morphology. 

3. Network description 
The network used was a three layer feedforward 

network with 176 neurons in layer 1, 128 neurons in 
layer 2; and a single neuron in layer 3, the output layer. 
The two hidden layers used tan-sigmoid activation 
functions, while the output layer used a linear activation 
function. The Matlab1 environment was used for all 
phases of this investigation. 

3.1 Network inputs 

Several different morphological masks were 
developed and used to select image pixels or groups of 
pixels. The mask outputs were then presented to the 
neural network inputs. The masks used were a set of 
twelve forward looking fans or sectors, a set of eight 
overlapping quadrants, a set of four half -circles, and a 
single full-circle mask. The smaller masks all had a 
particular orientation, the network output would indicate 

The MathWorks Inc., Natick, Mass. 01760 
(info@mathworks.com) 
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a relative shift in direction. The smaller masks had a 
problem in that the inputs were somewhat inconsistent 
with regard to their angle and distance from the mask 
origin. The fan masks were particularly bad in this 
regard. 

The mask :finally adopted was a single full-circle of 
176 points, this enabled the network to give an absolute 
direction output. With only one mask there was input 
consistency at all angles. The input is thus a vector of 
176 grey levels, with values between 0 and 255. These 
values are derived from single pixels, or the averages of 
small blocks of pixels, under the mask. Figure 3.1 shows 
this mask with shading to indicates the mask index and 
hence the arrangement of the input data. 

Figure 3.1 The 176 element morphological mask used 
to generate input vectors. 

Optimal block size is dependent on the actual artery 
width measured in pixel units. A typical system has a 
pixel size of 0.25 mm in the patient plane, and with an 
artery diameter of 2.5 mm this gives an artery width of 
10 pixels. The circular mask is in a 15xl5 square, and 
using a typical block size of 2x2 pixels this covers a 
30x30 pixel region. Provided the artery ·is well covered 
by the mask the network operates correctly. Figure 3.2 
shows the mask placed over a segment of synthesised 
artery. Each block shows the average grey level of the 
four underlying pixels. 

Figure 3.2 Mask, with 2x2 blocks, overlying the 
image to collect 176 network input points. 
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A simpler mask is shown below in Figure 3.3. This 
mask covers the same number of blocks or pixels as the 
176 input mask, but the blocks are averaged to give 8 

Figure 3.3 An alternative lower resolution mask. 

sector shaped inputs to the neural network. 
Other circular and symmetric masks, such as that in 

Figure 3.3, may be as efficient at evaluating direction. 
However, to evaluate the morphology of the stenoses, the 
higher resolution is necessary. Once a stenosis is located 
using a larger block size, or a simpler mask, a second 
more detailed mask may be applied perhaps with single 
pixels per input. This greater detail is required to 
quantify the degree of stenosis. Work is currently 
underway to locate and quantify stenoses using neural 
networks. 

3.2 Network output 

The tracking step size was set to a nominal four 
pixels. This limits the next point along the track to one of 
the 32 border pixels shown in Figure 3.4. This 
corresponds to 32 possible angles around the full circle, 
or 16 possible angles in the half circle. The angular step 
size is not uniform because of the limited choice of step 
positions. 

Figure 3.4 Next point (x,y) offset for tracking. 
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The direction from (0,0) to ( -4,0) was assigned to 
angle 1 and the angles incremented clockwise. Figure 3.5 
shows the angle index assignment. The Euclidean step 
distance thus varies from 4 to 5.6 pixel units, and the 
angle step size varies from 8 to 14 degrees. 

26 
25 

32 1 

17 16 15 
Figure 3.5 Artery direction indexes. 

8 
9 

10 

For the purposes of tracking, only the first 16 angles, 
shown in bold in Figure 3.5, are necessary. The neural 
network matches the input pattern to one of these 16 
diameters. The calling function calculates the full circle 
angle from the returned half circle angle and the initial 
direction. 

Only one output out of a possible sixteen is required. 
Several different arrangements can generate this one 
output. A four bit binary output enables encoding the 16 
outputs as a straight binary code or as a Gray code. The 
Gray code minimises the abrupt jumps in the output as 
the artery angle completed a half circle. Another 
arrangement is to have sixteen outputs with hard limited 
activation functions, and train the network with a 16 bit 
binary output vector with all bits zero except one. This 
arrangement was assessed but gave no improvement over 
a single output. 

A single linear output was finally used. Rounding 
this output gives the integer angle. 

4. Network Topology and Training 

4.1 Accelerated Backpropagatlon 

Training was initially performed using conventional 
backpropagation [13][15] however training speed was 
markedly improved when the accelerated 
backpropagation (fast backpropagation) method [18] was 
used. Fast backpropagation incorporates an adaptive 
learning rate and momentum into the gradient descent 
algorithm. This tends to speed up network training and 
provides some degree of insensitivity to small 
perturbations in the error surface such as shallow local 
minima. 

4.2 Network topology design 

The number of neurons within the hidden layers was 
determined heuristically. A number of neurons were 
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added to a hidden layer at each iteration until a 
satisfactorily low sum squared error (SSE) was attained 
after training. It was clear when the critical number of 
neurons was surpassed due to the abrupt drop in training 
error (from 1200 to 2). Furthermore, when a test data set 
with small correlation to the training set was applied to 
the trained neural network, the tracking errors were also 
small. This suggests that at least some generalisation has 
occurred, and that the numbers of neurons in the hidden 
layers are not overly excessive. It appears that the 
structure of this neural network is adequate, though not 
necessarily optimal. 

4.3 Initialisation 

A dummy matrix was generated for initialising the 
network. The Matlab init.ff function initialises the 
weights and biases based on· the range for each input 
point over the full set of training vectors. Therefore it is 
important that each row of the input training matrix has 
a maximum and a minimum expected value. The dummy 
matrix was the training matrix with a colwnn of Os added 
in front, and a column of 255s added at the end. 

4.4 Training 

The network was trained using supervised learning. 
Backpropagation iterative training was used with both 
momentum and adaptive learning. The initial training 
parameters were a learning rate of 0. 00 1, a learning rate 
increment of 1.05, a learning rate decrement of 0.7, and 
momentum of 0.95. The training data was generated by 
an alternative artery tracking algorithm. Synthesised 
images such as that in Figure 4.1 were used in the initial 
training. It was necessary to use such synthesised images 
because natural images do not exhibit the extensive 
curvature needed to provide all angles in the training 
data set. 

Figure 4.1 Synthesised image for network training, and 
subsequent testing. 

The first training was performed with 100 training 
vectors and 100 corresponding output angle values. The 
training was done in batch mode over 2000 epochs. The 
SSE after the initial training phase was 1. 7. At the end of 
this training phase the set of training vectors were each 
applied to the network and the rounded output compared 
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against the target values. Only two values disagreed, each 
by one angle step. 

A further training set of 125 vectors, from a different 
image, was then used to further refine the network 
weights and biases. The SSE was 1.1 at the end of this 
training. Following this second training phase the second 
set of training vectors were each applied to the network 
and the rounded output compared against the target 
values. After this final training no output angle errors 
occurred. 

4.5 Network optlmlsation 

The number of inputs, and the number of output 
neurons, are governed by the data to which the network 
is interfaced. Such a restriction is not directly applicable 
to the number of neurons within the hidden layers, or for 
that matter the number of hidden layers. There are a 
number of ways that an optimal solution may be 
approached. 
Sensitivity analysis of an oversize network may indicate 
which hidden neurons may be pruned [9]. Training based 
on genetic algorithms may also indicate any redundant 
hidden neurons, although the authors acknowledge that 
this method is prohibitive for large networks [10). 
Another approach is based on neuro-fuzzy techniques 
[8]. The neural network architecture is influenced by 
some knowledge of the task to be performed and how it 
may be achieved. The resulting structure is not the 
conventional feedforward network with full connectivity. 
Given sufficient knowledge, the architecture may be 
optimally defined by the designer. 

5. Evaluation 
After the network had been trained to give no angle 

errors when presented with the training data, actual 
image data was used. Two types of testing were 
performed, point testing with visual appraisal, and 
tracking. In these tests, two types of error were examined. 

5.1 Assessment of errors 

The difficulty with measuring the results is that there 
is no "gold standard" for comparison No unbiased 
technique exists for defining the artery boundary and 
midline. Comparison with the midline generated by the 
ellipse tracking algorithm was difficult because the track 
points rarely coincided exactly. Even when started at the 
same pixel, the two tracks soon diverged slightly. 

One error that was monitored was the rounding error 
between the network output and its rounded angle output. 
Clustering of the network outputs around the integer 
values would indicate good angular separation by the 
neural network. This error was squared and summed for 
each tracking run and the MSE calculated at the end. 
Typical MSE values of0.06 were obtained. 

5.2 Point testing 

For the point testing, the mask was applied to many 
points over a nwnber of artery segments at all angles. 
The correct artery angle was measured by drawing a 
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tangent to the artery midline and the closest angle index 
was then compared to the neural net output. 

On straight sections the neural network performed 
very well. It returned the correct angle after rounding, 
and with less than 5% mean square rounding error. This 
result was obtained for stenosed segments as well. 
However the rounding error increased considerably on 
sharp curves, and when the mask was not positioned over 
the artery midline. 

5.3 Tracking 
An algorithm was written to apply the network to 

tracking, starting from a user entered point. A second 
starting point provided the initial direction. The tracking 
was then an iterative process involving advancing to the 
next track position, centering this point if necessary, and 
using the neural network to find the artery direction. An 
additional restriction imposed was that the artery angle 
could only change by -4 to +4 angle steps from the 
current angle. This gives a maximum rate of curvature 
corresponding to a radius of 7 pixels. 

This algorithm successfully tracked the original 
training images, as shown in figure 3.1, as well as actual 
angiograms, see figures 5.1 and 5.2. 

Figure 5.1 Result oftracking a small artery, showing 
track points & first mask position. 

Without centering, the tracking algorithm sometimes 
went off the artery line on sharp bends. This was because 
a single step on a sharp bend along the current angle puts 
the next track point near the artery edge. Because of the 
reduced accuracy of the neural net under these 
conditions, mistracking was possible. 
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This is more a function of step size than the neural 
network, a possible solution is to reduce the step size to 
one (8-neighbours), and the possible angles to eight. 

Figure 5.2 Artery tracking of a large artery with 
small branches using the neural network. 

5.4 Effect of incorrect mask positioning 

The mask origin was moved across the artery along a 
line perpendicular to the direction to assess how robust 
the neural network response was. When the mask was 
not positioned correctly over the artery midline the angle 
error increased. Figure 5.3 shows the network response 
verses position when moving the mask from one side of 
the artery to the other. The artery, and the profile line for 
this test, is shown in Figure 5.4. The network gave the 
correct angle of 19 only at point 6, the angle error was + 1 
immediately to the left, and - 2 immediately to the right. 
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Figure 5.3 Network output angle and error verses 
position across the artery. 
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Figure 5.4 Profile line for positional testing. 

5.5 Effect of branches 

When applied along main arteries with small 
branches, the neural network gave a good response: The 
error increased slightly to 0.061. When attempting to 
track small arteries with relatively large branches, the 
track was easily lost 

5.6 Effect of artery diameter and stenoses 

For a constant block size, the pattern presented to the 
neural network changes considerably · as the artery 
diameter increases. The effect of this was investigated by 
looking at different diameter segments of artery. For 
straight sections of artery the output angle remained 
correct while the artery diameter was less than 2/3 of the 
mask diameter. This was the limit of artery size used in 
the training data. 

Figure 5.5 Tracking through a synthesised stenotic 
lesion. 

Figure 5.5 shows a short section of tracking through 
a synthesised stenosis. The squared error is plotted as a 
function of track point in Figure 5.6. 
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Figure 5.6 Error while tracking through stenosis. 
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The output angle gave reliable tracking but, as might 
be ext:iected, the rounding error increases at the midpoint 
of the stenosis. There is quite a large variation in the 
rounding error of Figure 5.6 despite the input mask being 
centered on the artery midline. By comparison, the 
rounding error seen in Figure 5.3, although considerably 
higher because the input mask is over a sharp curve, 
shows less variation while moving off track. This 
suggests that this error, while useful for training, is of 
limited value in assessing tracking accuracy. 

6. Conclusions 
The use of a neural network in the automatic 

tracking of ·arteries has been demonstrated. With 
adequate training the network is relatively invariant to 
small branches, and independent of absolute artery 
brightness (grey levels). 

The use of a variable mask block size allows the 
same network to analyse a widely differing range of 
artery sizes. This is limited however by the pixellated 
nature of the images and the non-linear dimensional 
change as block size is increased. However even at a 
constant block size the dependence on artery diameter 
has shown to be small. 

When incorporated into a higher level tracking 
algorithm a high degree of robustness is seen despite 
varying artery width and morphology, varying brightness 
and contrast, and small artery branches. 

The network architecture has not been optimised. 
There is scope for optimisation using other techniques 
such as neuro-:fuzzy. 

Work is now progressing for expanded use of the 
same network, with additional outputs, to quantify artery 
diameter and densitometric profile, and hence minimal 
lumen area, and stenosis characterisation. 
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1. Introduction 
So far computer aided animation tech-

niques have been developed a lot, where 
animation generation oriented programming 
tends to be one of central topics, for which 
many animation description languages are 
proposed {1-4]. However, what interests peo-
ple most is to generate animation directly 
from natural language story or scenario. This 
idea is mentioned in some literature [5], but 
their works are mainly on experiments on 
some steps in animation generation proce-
dure. Yet we have not found any imple-
mented systems automatically generating an-
imation directly from natural language sce-
nario which, rather than includes one or two 
sentences, is a complete story. 

After nearly ten years' effort, a research 
group in Institute of Mathematics, Academia 
Sinica, proposed and implemented a com-
puter aided animation tool set called Shake-
speare which is based on the concept of full 
lifecycle computer aided animation, where the 
user only needs to input a story written in a 
pseudo- natural Chinese language, then the 
computer converts this story to a cartoon au-
tomatically or under the user's instructions. 
This procedure undergoes the following steps: 

(1) Pseudo- natural Chinese language com-
prehension ( syntax and semantics analysis) 

(2) Story understanding (main stream of 
plots) 

(3) Story analysis (theme of the story and 
character analysis) 

( 4) Script design (rewritten in shooting 
script, a form suitable for animation) 

(5) Animation planning (temporal and spa-
tial reasoning) 
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(6) Animation design (character, back-
ground, videoeffects) 

(7) Animation generation. 

The last step makes use of the TDI animation 
software and the animation bases designed 
and constructed by our research group, in-
cluding a character base, a background base, 
an action base and a soundeffect base. 

In animation generation, it is very diffi-
cult to process the quantity relations due to 
many reasons. Firstly, natural language un-
derstanding itself has difficulties without any 
effective solutions, e.g., the reference problem, 
which we will mention later in this paper. Ex-
pressibility in animation is the second prob-
lem. Because of the limitations of animation 
techniques, it is not the case that every sen-
tence or paragraph in the story being clearly 
understood could be expressed by animations. 
The third problem is the rationality w. r. t. 
commonsense, which has influences on both 
the former two problems. From the point of 
view of natural language understanding, am-
biguity of sentence meaning usually relates to 
that in commonsense reasoning. It is quite 
often that different scenes could be imagined 
and designed for expressing the meaning of 
the same sentence. Each of them is possible, 
that is to say, it accords with our common-
sense. Therefore it is troublesome to select 
among these possibilities. The above three 
problems become more complicated since we 
reqiure that Shakespeare should posses such 
robustness that given the syntactic rules and· 
word base, the user could write any story as he 
wants, and then the system either generates 
a cartoon appropritely illustrating the plots 
of the story or indicates the commonsense er-

Australian Journal of Intelligent Information Processing Systems 



rors in the story. From the examples ·shown 
later in this paper, one can say that even if 
we restricted ourselves to the partial problem 
of only processing the quantity relations, our 
task is extremely difficult. In the next sec-
tion, we will discuss the commonsense prob-
lems relating to the quantity, which appear 
in one sentence or among several sentences in 
the story. Most of the time,rrmch or less, they 
are context-sensitive. 

Note that stories accepted by Shakespeare 
are in Chinese. ·We use Pinyin to represent 
Chinese and just after it we use English in non 
-conjugated form to tell the meaning. More-
over, we limit the stories in child storis writ-
ten in some pseudo-natural Chinese language, 
since it is impossible now for computer sys-
tems to understand all stories in completely 
free natural languages. 

2. Commonsense Problems 
relating to the Quantity 

It is quite conunon for commonsense prob-
lems relatingto the quantity to exist in natu-
ral language sentences. So far we have found 
the following ones. 

2.1 There ·are no quantity de-
scriptions for characters in the 
sentence. 

Example: Gou Zhui Mao (in Chinese), 

Dog chase after cat (in English). 

In Chinese, nouns and verbs do not have plu-
ral forms,· and nouns do not have articles be-
fore them. Therefore, for the exarnple sen-
tence, one cannot tell how many dogs chase 
after how many cats. Obviously, it is uncer-
tain to generate how many dogs and cats in 
the animation. 
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2.2 The quantity of the char-
acter in the sentence is unreason-
able. 

Example: Fang Jian Li You Shi Yi Zhi 
Gou (in Chinese), 

There are a·billion dogs in the room ( 
in English). 

From commonsense, it is normally impossible 
for a room to hold one billion dogs. This un-
reasonability is rather easy to decide. But if 
the sentence tells that there are one thousand 
dogs in the room, we cannot decide its rea-
sonability at once. One can image that there 
exists a room big enough to hold one thou-
sand dogs. However, most of the rooms· can-
not hold so many dogs in the conunonense, 
and wha't is more important is that to gener-
ate one thousand dogs and their actions in the 
animation has very high computational com-
pleXity, is very space - and time-consuming, 
and extremely difficult to do static and dy-
namic plannings. Thus the system should 
try to avoid such scene in the animation that 
there are one thousand dogs. In this respect, 
we have to ask a question that what is the 
reasonable quantity of dogs in a room, or gen-
erally, how many object y are allowed to be 
reasonable in circumstance x. 
· 2.3 It is not easy to express 

in the animation the quantity of 
character in the story. 

Example: Zhong Guo You Shi Er Yi Ren 
Kou (in Chinese), 

There are 1.2 billion people in China ( 
in English). 

This sentence is cmnpletely correct, but it is 
impossible for 1. 2 billion people to appear 
in the animation scene. What we want to ask 
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here is that even though it were possible to do 
this, whether if it is necessary to do this. Gen-
erally, while using animation to express the 
meaning of a sentence, must the quantities in 
the sentence be expressed by the exact num-
ber of objects? From the example sentence we 
can say that it is not necessary. We can design 
an animation scene where many people are 
walking in a Beijing street and a subtitle tells 
that China has a population of 1. 2 billion 
people. Pedestrians hurriedly come and go 
gives the audience the impression that there· 
are many people, and the subtitle makes the 
audience know the number 1. 2 billion. These 
two techniques are combined together to ex-
press the meaning of the sentence. The ques-
tion is that how many pedestrians appearing 
is reasonable. What is more important is that 
under what conditions quantities in the sen-
tence should be expressed by the exact num-
ber of objects, whereas when they should be 
expressed in another way. Is it only related 
to the boundary of quantities, or some other 
principles should be adopted to make deci-
sions? 

2.4 The characters in the sen-
tence are described by uncertain 
quantity words. 

Example: Ji Zhi Gou Zhui Ji Zhi Mao (in 
Chinese), 

Sevaral dogs chase after several cats ( 
in English). 

In Chinese, "Ji Zhi (in Chinese, meaning sev-
eral)" usually means more than one, thus in 
the example sentence there are more than one 
dogs and cats. But we still do not know the 
exact numbers, which have to be known for 
animation generation. One solution is to de-
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fine a default number, e.g., whenever "Ji Zhi 
(in Chinese)" is mentioned, replace it with 
the number 2 or 3. But these quantities are 
closely related to the character types and their 
circumstances. If the sentence tells that there 
are several cats in Jane's handbag, then two 
cats probably are the most since we believe 
that Jane's handbag is not big enough to hold 
more than 2 cats. If the sentence tells that 
there are several cats in the room, then proba-
bly there should be 5 or 6 cats. If the sentence 
tells that there are several baby cats in Jane's 
handbag, then it is possible that there are 5 
or 6 baby cats. In this regard, default quan-
tities should be, rather than predefined, de-
cided according to the objects properties and 
circumstances. 

Furthermore, there are many uncertain 
quantity words in Chinese which can not have 
one unified default value. The sentence "there 
are many cats in the room" should be given 
different number of cats from the sentence 
"there are several cats in the room". 

2.5 The quantity of characters in 
the sentence is described by words 
difficult to count. 

Example: Zhuo Zi Shang You Liang 
Gong Jin Ping Guo (in Chinese), 

There are two kilograms of apples on 
the table (in English). 

Apples are countable, and once given the ex-
act number, they can be expressed in the ani-
mation. "Two kilograms of apples" is exact in 
weight but not in quantity. We cannot express 
it in animation since weights cannot be visu-
alized directly. The computer has to know ap-
proximately how many apples there are in two 
kilograms. To solve this problem, it is neces-
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sary for computer to have knowledge about 
relations among weights, quantities and sizes. 

There is another situation where it is possi-
ble to visuablize the measure word but the ex-
pression way is not natural according to com-
monsense and customs, e.g., "Tom is carry-
ing clothes two meters long on shoulder". -In 
the animation _ expressing this sentence, .the 
clothes has to be rolled up, thus "two meters 
long" is difficult to express. Now the com-
puter needs to know the conversion method 
of how big is the clothes two meters long af-
ter rolled up. 

2.6 Expressibility and Non-
Contradiction 

The above examples prompt us that we 
cannot always express exactly the quantities 
in animaion. Take the apples for example. 
Even ifthe (!Omputer animation system could 
compute the approximate quantity of apples 
in two kilograms based on its knowledge, you 
can never tell that the quru1tity is exact. In 
reality, it is quite possible for two people while 
buying two kilograms of apples to get the dif-
ferent numbers of apples. It is even more dif-
ficult to express how big rolling up apiece of 
clothes two meters long is. Here we must dis-
tinct two concepts, the expressibility of quan-
tity and the non -contradiction of the expres-
sion of quantity. For the above examples, it 
is reachable that there is no contradiction in 
the animation, but is impossible to exactly ex-
press the relations among various measures. 

2.7 Uncertainty is cause_d by the 
multi identities of one character. 

Example: Fang Zi Li You Liru1g Ge Fu 
Qin He Liang Ge Er Zi (in Chinese), 

There are two fathers and two sons in 
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the room (in English). 

Generally speaking, all characters mentioned 
in the sentence should be displayed in the an-
imation. In the example sentence, there are 
four characters, two fathers and two sons. But 
a person who is the father of sombody must 
be a son of anot4er person. One person could 
have multi identi~ies. In this regard, "two fa-
thers and two sons" can be understood as a 
grandpa, a father and a son, where only three 
chru:acters appear in the animation. Further-
more, if we take a father as a man with chil-
dren, and take a son as a man with parent, 
then the two fathers mentioned in the above 
senteiice couid be understood a8 -fathers ~f 
somebody who are not necessary the two sons 
in the sentence. The two sons are understood 
similarly. Therefore it is reasonable to display 
only two men in the animation, whose fathers 
and sons are beyond the description of this 
sentence. 

2.8 The references to characters 
are not clear in the story ( general 
name and proper name). 

Example: Dog Jack and Dog Rose are 
playing in the room. 

A dog is dancing. 
Who is dancing, Jack or Rose? It is not 

clear at all. 
2.9 The references to characters 

are not clear in the story ( general 
name and general name). 

. Example: A dog is singing. ...... A dog 
is dancing. 

The story does not tell whether the two 
sentences refer to the same dog or two differ-
ent dogs. 

2.10 There is direct contradic-
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tion among character quantities 
in different sentences. 

Example: The king has only one son. 
The king's elder son likes hunting. 

The king's younger son likes reading. 

From the latter two sentences one can con-
clude that the king has at least two sons. This 
is in contradiction with the first sentence. 

3. Principles of Quantity-
Oriented Commonsense 
Reasoning 

In this section, we introduce the six prin-
ciples Shakespeare adopts to solve the above 
commonsense problem.~ relating to quantity. 
Actually, the best principle should be context-
sensitivity analysis due to the fact when man 
is reading a story, he understands ru1d decides 
the quantities according to the context in one 
sentence or among several sentences. Unfor-
tunately, computer systems cannot analyse so 
much and deep context-sensitivity as human 
beings do. In this respect, the system has to 
use some principles to make decisions when 
its context-scnsitivit.y ru1alysi.s is not so infor-
mative. These principles should be reasonable 
and close to commonsense as much as possi-
ble. 

3.1 The Default Principle 
When the object quantity is completely not 
indicated in the story, 

3.1.1 if no information shows that the 
object is plural, then the object is taken as 
being single, in this regard, "dog chase after 
cat" is understood as "a dog chases after a 
cat"; 

3.1.2 if there is information in the story 
showing that the object is plural before the 
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sentence "dog chase after dog" , then the ob-
ject is taken as being plural, thus " there are 
three dogs ru1d two cats in the room. dog 
chase after cat" is understood as "three dogs 
chase after two cats"; 

3.1.3 otherwise, take the object as being 
single. 

Besides, for the situation as follows, 

A dog is dancing. A dog is singing. 

Some people are reading. Some people 
are writing. 

unless there are some declarations, generally 
they are taken as representing different ob-
jects, that is to say, the dru1cing dog is dif-
ferent from the singing dog, and the people 
reading are not those writing. 

3.2 The Relativity Principle 
The semantics of adjectives representing un-
certain quantities such as "many", "few", 
"whole", etc. have relativity, e. g. , in a 
school composed of 800 students, 300 students 
could be understood as "many", whereas is 
understood as "few" in a school compo!~ed of 
3000 students. 

The membership function on fuzzy set is a 
rather effective method to represent and pro-
cess relativity. The method is described in the 
following. 

3.2.1 If after story analysis the maxi-
mum quantity of the characters is decided as 
M, then give a membership function to ev-
ery quantity adjective based on M, a.~ shown 
in Fig.l where M= 10. Ouly considering the 
strict quantity relations, 0 and 1 should be-
long to "few". However, according to com-
mensense, when people talk about "few", they 
refer to,neither 0 nor 1, but a number no less 
thru1 2. This is why in Fig.1 the values of 
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membership function of "few" between 0 and 
1 do not equal to 1. The membership func-
tion of "many" is given in Fig .1 in this way 
as well. 

3.2.2 Otherwise, evaluate M according to 
the default rules, and then decide member-
ship functions. Note that M itself is relative 
either in two aspects. Firstly, the quantity 
adjectives in the story are usually relative to, 
instead of the entirety of the characters in the 
story, the entirety of the characters in the cur-
rent scene. Take the following for example. 

There are 10 people in the room. 

Many people are talking with each 
other. 

Another 10 people come in. 
Now the total of people is 20, but "many" 
is realtive to 10. Secondly, when the exact 
value of M is not available, we can only use 
the default method, where default values are 
relative either. In the sentence 

There are many people in the room, 

"many people" actually is just "the whole 
people" in the room. It is relative to the 
maximtim people holdable in the room. "The 
maximum people holdable in the room" is a 
membership function as well relating to the 
size of the room. 

3.3 The Optimization Principle 
For every quantity adjective in the story, we 
obviously select the maximum of its member-
ship function values, which generally equal to 
1. There are often several points whose mem-
bership function values equal to 1, ·e.g., in 
Fig.1, the "few" values of point 2 and point 3 
all equal to 1. Therefore a uniqueness prob-
lem appears that how many objects, 2 or 3, 
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should be displayed in the animation. We 
take the value of membership function as a 
kind of constraint conditions, and when there 
are more than one constraint conditions, we 
select the optimized solution. The following 
two sentences are shown in Fig.3. 

Many people walk on t of the room. 
They rush into a car. 

There are 3 curves in Fig.3, where one rep-
resenting the "many" relative to the nor-
mally rational quantity of people in the room, 
another representing the normally rational 
quantity of people in a car, and the third 
showing the summarization of the former two 
curves. Points have the maximum value on 
the third curve indicate the quantities after 
optimization. Therefore, the optimized quan-
tity should be 4 rather than 6, 7 or 8 ob-
tained by only considering "many people in 
the room". 

Note that if the same quantity adjective ap-
pears several times in the story describing the 
different objects, then the constraint condi-
tions they represent should not be added to-
gether. In the following 3 sentences. 

room. 
There are 20 men and 10 women in the 

Many men are dressed in blue. 

Many women are dressed in white. 
The two "many"s have different meanings, 
thus the constraint conditions they represent 
should not be added together. 

The problems mentioned above about how 
many apples are there in 2 kilograms, etc. 
could be solved in the similar methods. 

The Simplification Principle 
If many solutions are obtained about quantity 
problem after commonsense reasoning, the 
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simple ones have priority, where 'simple' here 
means to be simple in conunonsense and in 
animation expression. For the example given 
above of "two fathers and two sons", the sim-
plest understanding in conunonsense is that 
there are four people in the room, whereas 
two or three people are special solutions ob-
tained only by special reasoning. Therefore, 
the solution simple in conunonsense refers to 
the one which ordinary people realize inune-
diately in direct perceiving . For the example 
that there are many people in the room, with-
out any constraints, the quantity of the people 
could probably be 6, 7 or 8 according to one 
curve of membership function in Fig. 1. Now 
the principle of being simple in animation ex-
pression should be taken into account, thus 
the quantity of people in the room is consid-
ered as 6. 

The Abstract Expression Prin
ciple 

If an quantity is reasonable, e.g., there are 1. 
2 billion people in China, but it is impossi-
ble or very difficult to directly express it in 
the animation, the indirect expressing meth-
ods should be taken into account. In the dis-
cussion above we give the method of combing 
stream of pedestrians and a subtitle to express 
1.2 billion people. 

Generally speaking, small quantities are al-
ways expressible, whereas large ones are not 
so easy to express. In this regard, we could 
abstract the concept "many" and conclude 
the above method to the following two points. 

(a) Use some symbolized means to express 
"many". 

(b) Use appropriate techniques such as sub-
titles, asides, etc. to indicate the exact num-
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her if necessary. 
There are two problems about this princi-

ple, when the quantity is large enough for the 
system to adopt the abstract expression prin-
ciple and which symbolized means should be 
used. For the first problem, two membership 
functions of the expressibility in animation 
and the complexity of animation expressing 
could be used, while other principles could be 
referred to as well. Take for example story A 
including two sentences, 

The king has 100 soldiers. 
The king leads his 100 soldiers to fight. 

and story B including three sentences, 
The king has 100 soldiers. 
10 of these 100 soldiers are dressed in 

red. 
10 of these 100 soldiers are dressed in 

green. 
100 soldiers in story A can be expressed by 
abstracting method, whereas those in story B 
cannot only be expressed by abstracting due 
to the requirements of counting the soldiers in 
different clothes. As for the second problem, 
it is closely related to the context and plots 
of the story. 

3.6 The Completion Principle 
When there exist contradictions in quantities, 
the system normally should output error in-
formation. Yet this is not always correct for 
sometimes contradictions are caused by the 
incompleteness of the story content. 

Example: There are three apples on the 
table. 

Jack walks passing the table. 
There are two apples on the table. 

One can see that there is a contradiction 
about the quantity of apples. However, the 
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system could adopt the completion principle 
to reason that adding the sentence "Jack takes 
an apple from the . table" between the second 
and third sentence above would eliminate the 
contradiction. As for when and how to com-
plete the content of story and how to avoid the 
contradictions between the added part and 
the original story arc closely related to the 
context and plots of the story. 

4. An Algorithm of Quan
tity Estimation 

In this section, the sketch of an algorithm 
is given for deciding the quantities of objects 
in the story, based on the six principles given 
in the last section. The following eight classes 
of objects are called super objects. 

( Object Class A ) ::= { basic object); e.g., 
Tu Zi (in Chinese), rabbit (in English) 
{ Object Class D ) ::= { non-quantity adjec-
tive) (basic object )I{ Object Class A); e.g., 
Da Tu Zi (in Chinese), big rabbit (in English) 
( Object Class C ) ::= ( muneral }( Object 
Class D); e.g., San Zhi Da Tu Zi (in Chinese), 
three big rabbits (in English) 

( Object Class D ) ::= { classifier measure 
word )( Object Class D ); e.g., Yi Kuang Da 
Tu Zi (in Chinese), a basketful of big rabbits 
(iu English) 

( Object Class E ) ::= { Object Class D }( 
auxiliary word ); e.g., Da Tu Zi Men (in Chi-
nese), the big rabbits (in English) 

( Object Class F ) ::= ( reference pronoun ) ( 
Object Class D ); e.g., Na Zhi Da Tu Zi (in 
Chinese), that big rabbit (in English) 

{ Object Class G ) ::= { Object Class D ){ 
proper noun ); e.g., Da 'l\1 Zi Luo Si (in Chi-
nese), big rabbit Rose (in English) 
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{ Object Class H ) ::= { quantity adjective ){ 
Object Class D ); e.g., Xu Duo Da 'l\1 Zi (in 
Chinese), many big rabbits (in English) 

Take every sentence in the story as a group 
of object operations. There are three types of 
such operations classifed by their influences 
on the quantities of objects. 

(1) operation type I, which increases the 
quantities of objects, e.g., "three rabbits and 
a tiger come in" 

(2) operation type 11, which decreases the 
quantities of objects, e.g., "three 1·abbits 
leave" 
(3) operation type Ill, which indicates the 
existence of objects, e.g., "Huee rabbits are 
singing" 

Algorithm 4.1 (Sketch) 
(1) Merge the eight classes of objects. For ex-
ample, objects in class A could be taken as 
those in class B with a null adjective, thus 
arc merged into class D. Moreover, object in 
class E "the big rabbits" could be understood 
as "all big rabbits" where "all" is a quantity 
adjective. Therefore, objects in class E are 
merged into class H. Use similar reasoning 
methods to merge other classes. After these 
merging, there are four classes left: class D, 
C, F and H. 

(2) Since the reference problem is only in-
completely solved in natural language under-
standing, a simplified method is adopted in 
Shakespeare. That is, from the position of the 
object being referred ( { reference pronoun ) { 
Object Class B ) ) in the story, search back-
wards in the story, once an object is found 
matching { Object Class D ), then replace the 
{Object Class D ) with this object; otherwise, 
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the system outputs error information. 

{3) Now there are only class B, C, and H left. 
Take all objects in class B (including those 
involved in class C and H) to form an inheri-
tance hierarchy according to the compositions 
of non-quantity adjectives of the objects. An 
example of such hierarchy is shown in Fig.4, 
where "big rabbit" is a father object of "red 
big rabbit", and "rabbit" is a father object of 
"big rabbit". 

{4) Attach a Bool expression to every node 
of this hierarchy to represent the limitation 
of the quantity of the object corresponding 
to the node. An example is shown in Fig.5, 
where n(x) denotes the quantity of :c. 

{5) For the initial state of the hierarchy, de-
noted by Frame (0), for any node :c, let n{:c) = 
0. For i = 1, 2, · · · , m where m is the number 
of sentences in the story, when sentence i is 
processed, construct Frame {i) from Frame (i-
1) in the way that rearrange the Bool expres-
sions of nodes in Frame (i-1) and meanwhile 
update the Bool expressions in Frame (0), · · ·, 
and Frame (i-1) to make them more precise. 
Suppose the hierarchy in Fig.5 is Frame '(5), 
and the sixth sentence is "two b's heave". Af-
ter processing the sixth sentence, Frame {6) 
is shown in Fig.6, and Frame (5) is updated 
to be more precise in Fig. 7. 

(6) During the procedure going from Frame 
(i) to Frame (i+1), several situations may oc-
cur as follows. 

(a) There are unsolvable contradictions, 
e.g., at the moment there are only four peo-
ple, but the sentence says five people leave. 
In that case the system outputs error infor-
mation. 

(b) The quantity is not exact, e.g., the sen-
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tence says "many people leave". In that case 
the ·system does computation to get a most 
reasonable number according to the optimiza-
tion principle given above. 

(c) Quantities of objects in some Frame (i) 
have not been decided even after the last sen-
tence of the story is processed, e.g., there is 
only one sentence in the story saying "many 
rabbits are singing". Now decide a group 
of relatively reasonable numbers according to 
the default values and rules in knowledge 
bases. 

(7) After the quantities of objects in all Frame 
(i)'s are decided, the system gets the quantity 
basis for generating animation. 

Dut to the limited space of this paper we 
have omitted the details of this algorithm and 
we are going to publish them elsewhere. 

5. Concluding Remarks 
We have discussed in this paper the diffi-

culties in deciding the quantity of objects in 
a story while generating animations directly 
from natural language, and the correspond-
ing solutions by commonsense reasoning. It 
is known that natural language understand-
ing has ambiguity. However, from analysing 
the examples shown in this paper, one can see 
that what we call difficulties in deciding the 
quantities are not those in natural language 
understanding. For most of those examples, 
it is not difficult to understand them in nat-
ural language processing, e.g., "2 kilograms 
of apples" is very clear in semantics and easy 
to understand. But to convert it to anima-
tion is not a obvious task any more. In this 
respect, we actually propose a new topic in 
linguistics, whose contents and significance go 
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beyond those in traditional research on syn-
tax, semantics and pragmatics of natural lan-
guage. The decision of the quantity is just one 
part of this new topic which deserves research. 
We will go further to study the other parts of 
this topic apart from quantity decision. 

Shakespeare is a very big project, and those 
involved in the early work mainly include Gen 
Qing, Zhu Wenhong, Wan Ronglin, Jin Zhen-
hao, Li Xiaobin, etc. Moreover, Ma Yinghao, 
Zhou Yuejiao, Du Haixia and Li Lu have par-
ticipated in the discussions relating to this pa-
per. We would like to express our thanks to 
them all. 
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Abstract 

This work aims to present a systematic way to generate fuzzy relations between fuzzy subsets of a referential 
set from other ones between their elements. The method is based on the analysis of the various correspondences 
between subsets that can be built up from a binary relation on the referential. This method and the different cor-
respondences considered are translated into fuzzy relations. There is also introduced an axiomatic definition for 
extension of fuzzy relations and determined the fuzzy constructions which give rise to extended relations. 

1. Introduction 

Basically, this paper is devoted to solve the problem of 
extending in a coherent way fuzzy relations defined on 
a referential X to fuzzy relations on the class F(X) of 
fuzzy subsets of X. This question is a fact of primary 
importance in several branches of fuzzy logic, and its 
solution is decisive in certain application areas such as 
control theory [15][16], classification systems and, es-
pecially, fuzzy relational databases [14], [6]. However, 
as far as we know, there is not a global or general con-
struction method for all cases but partial or tailored 
answers. 

Various approaches to this topic are possible. From 
a mathematical point of view it has similarities with 
some classical topics in Topology, such as extending 
metrics from point spaces to set spaces as in the case 
of Hausdoff distances, or in Functional Analysis, such 
as defining metric or topological structures in function 
spaces [11]. Also in the field of Fuzzy Topology it has 
been recently treated by Morsi [13]. 

From a set-theoretic point of view, close to fuzzy 
logic, some solutions have been given by Badard [1], 
Brink et al.[4], and the authors [8][9]. In those pa-
pers relations of the fuzzy power set :F(:F(X) x :F(X)) 
are carried out starting from fuzzy relations on X, but 
there is not any method to generate in a systematic way 
fuzzy forms of correspondence between fuzzy subsets. 
Hence it lacks a subsequent study of comparison and 
dependence between the resulting relations. 

In the light of these considerations, our purpose in 
this work is mostly analytic and oriented toward sys-
tematic formulation of the extending process. The 
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study begins with the different kinds of subset corre-
spondences based on a crisp and elemental relation. 
Next we try to fuzzify these subset correspondence 
forms in order to obtain values in [0,1] as degrees of 
relationship between fuzzy subsets from a given fuzzy 
relation. We distinguish two types of fuzzification, de-
pending on the correspondence form used. In the first 
type it is achieved via first order predicate calculus for-
mulas, in the second via set-theoretic expressions. 

In previous works we have analyzed the features and 
applications of some relations so obtained. Extensions 
by aggregation and level-based extensions, introduced 
in [8] [9], are arranged here in a wider common frame, 
together with the constructions corresponding to other 
forms of correspondence between fuzzy subsets. 

In order to be able to apply them in real cases, these 
new relations need to include the crisp constructions as 
particular cases and to preserve the structural proper-
ties of the original relations. These two conditions are 
taken as axioms, and allow to introduce the concept 
of extended relation. The extension corresponding to 
each kind of correspondence will be considered more re-
liable depending on the number of properties preserved. 
Here we study, within the range of cases which appear, 
when the persistence of properties of the original rela-
tion comes out. 

The paper is organized as follows. In the second 
section different types of correspondence between sub-
sets are built up from crisp binary relations. Next 
each of these types is characterized logically and set-
theoretically. In Section 3 the concept of extension of 
relations is stated in precise terms. In the fourth sec-
tion, extensions by aggregation for the different kinds of 
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correspondence are obtained as a way to fuzzify them. 
The following section deals with level-based extensions, 
which appear for each correspondence through the fam-
ily of level-cuts of the original fuzzy relations. In this 
context the complementary relations, and the construc-
tions and extensions to which they give rise, are also 
considered. Finally, a sequence of examples shows in 
practice the different sorts and values of extended rela-
tions. 

2. Types of subset correspondence 

In this section we pay attention to the study of the 
correspondences between ordinary subsets induced by 
a given crip relation. This survey will be used as start-
ing point of a global analysis of the formation of not 
elemental correspondences for fuzzy subsets. 

Let X, Y be ordinary sets, finite or not, and R a 
binary crisp, or ordinary, relation in X x Y. When 
one intends to generalize the elemental correspondence 
established through R to subsets A 5:; X and B 5:; Y, in 
order to define the expression ARB, several possibilities 
appear. 

There is minimal subset correspondence, denoted by 
ARv B, when xRy is fulfilled for some x E A and some 
y E B. This fact is expressed in the first order predicate 
calculus (FOPC) by the following formula 

3x3y[R(x, y) 1\ A(x) 1\ B(y)] (1) 

in which the membership is represented through pred-
icates. 

The correspondence will be called directed to right 
when 

'v'x::ly[R(x, y) A A(x) 1\ B(y)] (2) 

is fulfilled. In this case any element of A has a corre-
sponding one in B through R. We will denote this fact 
with AR> B. Analogously, the expression 

3x'v'y[R(x, y) 1\ A(x) 1\ B(y)] (3) 

states for the correspondence directed to left, which will 
be denoted as AR< B. The correspondence is called 
mutual, and denoted as AR .... B, when is at once left 
and right directed. 

The last case to be considered, denoted ARAB, is the 
maximal correspondence, given by 

'v'x'v'y[R(x, y) 1\ A(x) 1\ B(y)] (4) 

The various subset correspondences have been ex-
pressed by formulas in FOPC with different quantifiers, 
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but they can also be described with set operations. To 
do it some definitions are required previously. 

Given a crisp relation R, by the postset of x E X and 
the preset of y E Y, we shall mean the subsets 

xR ={yE Y I xRy} Ry = {x EX I xRy} 

In terms of presets and postsets the ordinary compo-
sition of two relations R. ~ X x Y and S ~ Y x Z can 
be written 

R oS= {(x, z) I xR n Sz f. 0} 

But this is not the only possible definition of compo-
sition. The following alternative definitions of left, right 
and central composition, -whose usefulness to describe 
correspondences is revealed in the following proposi-
tion, have been formulated by BANDLER-KOHOUT[3) 
and DE BAETS-KERRE (2) 

R<JS = {(x,z) 10 C xR ~ Sz} 
Rr>S = {(x,z) 10 C Sz ~ xR} 

RoS = {(x,z) 10 C xR = Sz} 

(5) 
(6) 
(7) 

All these definitions can also be applied to subsets 
A ~ X, B 5:; Y, considered as unary relations. We can 
so reflect the postset associated with a subset A of X 
and the preset associated with a subset B of Y as 

A oR {y E Y I An Ry f. 0} 
RoB = {xEXIxRnB::j:.0} 

Other kinds of postsets and presets can be obtained by 
changing the composition o by <J, r>, o used. By example 

A <J R = {y E y I 0 c A ~ Ry} 

Let us see now a set-theoretic characterization, in 
terms of inclusion, intersection and compositions, for 
correspondences established in (1)-( 4). 

Proposition 1 Given a relation R in X x Y, and non 
empty subsets A ~ X and B ~ Y, then 

i) ARV B, An (R 0 B) f. 0, (A 0 R) n B f. 0 and 
R n (A x B) f. 0 are equivalent each to other. 

ii) AR .... B iff A~ RoB and A oB~ R 
iii) ARAB iff one of the equivalent conditions A ~ 

R r> B, B ~ A <J R is fuljiiied. 

Proof : In (i) the conditions are inmediate conse-
quence from definition of minimal correspondence and 
viceversa. In (ii) the first correspondence AR> B means 
xR n B f. 0 for all x E A, i. e. x E RoB 'v'x E A. 
Thus A 5:; RoB. Analogously AR< B is equivalent to 
B 5:; A oR. For the case (iii), being R r> B = {x E 
X I xR .2 B} and ARAB equivalent to xR .2 B forall 
x E A, this statement results equivalent to A ~ R r> B. 
In a similar way can be shown the equivalence between 
ARAB and B ~ A <J R. • 
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3. Fuzzy relations and extensions 

Fuzzy Set Theory was introduced by L.A. Zadeh in the 
seminal paper 'Fuzzy Sets' [17] as a generalization of 
the ordinary set theory. It has been revealed useful 
and particularly suitable in mathematical modelization 
of engineering and information systems involving un-
certainty. 

A fuzzy subset A on a referential X is introduced as 
a generalized characteristic function A : X -> [0,1] de-
scribing the membership degree A( x) for every element 
x E X. The elemental subset operations are defined 

(A U B)(x) = max(A(x), B(x)) 
(An B)(x) = min(A(x), B(x)) 
Ac(x) = 1- A(x) 

Functional operators, different of max, min, 1 - (), 
are also possible, but in order to preserve essential 
properties of the algebraic structure of subsets some 
conditions are needed [7]. Briefly, the operation n 
can be interpreted by a t-norm, that is a function 
T: [0, 1 X [0, 1]-> [0, 1] with the properties 

i) T is non-decreasing in each argument. 
ii) T(x,y) = T(y,x) for every x,y EX. 
iii) T(x, T(y, z)) = T(T(x, y), z) for every x, y, z EX. 
iv) T(x, 1) = x for every x EX. 

The operation U is interpreted by a t-conorm S that 
fulfills 

i) S is non-decreasing in each argument. 
ii) S(x,y) = S(y,x) for every x,y EX. 
iii) S(x, S(y, z)) = S(S(x, y), z) for every x, y, z E X. 
iv) S(x, 0) = x for every x EX. 

Finally, the complement is interpreted by a negation 
function n : [0, 1] -> [0, 1] such that 

i) n(O) = 1, n(l) = 0. 
ii) n is non-increasing. 

Obviously, the Zadeh's operators verify all these con-
ditions, and the class F(X) of all fuzzy subsets in X 
has structure of De Morgan or soft algebra. In a simi-
lar way the fuzzy relations on X can be considered as 
fuzzy subsets of X x X, and the class of all them is 
represented by F(X x X). 

Let it be remarked, to end this brief comment about 
fuzzy subsets, that elements of an ordinary set X can be 
identified with fuzzy atoms in the referential X, that is 
with the elements of the class of subsets A(X) = {la I 
a EX} where la(x) = 1 if x =a and 0 otherwise. 

Now we are going to take on fuzzy subsets and rela-
tions the methods presented for crisp relations in Sec-
tion 1. As seen there, each type of correspondence gives 
rise to subset crisp relations Rv, R..., or R" associated 
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to elementary crisp relations R. These associations de-
scribe applications of P(X x Y) into P(P(X) x P(Y)). 

In the case of fuzzy correspondence the fundamental 
issue is to get applications e : F(X x Y)-> F(F(X) x 
F(Y)) from fuzzy relations into fuzzy subset relations, 
based on the correspondence schemes studied in pre-
vious section. In the following sections we will show 
methods for fuzzifying the subset correspondences, but 
previously it has to be cleared the conditions under 
which the constructions obtained will be considered ex-
tended relations. In other words, to determine whether 
an application e can be called extension of relation. 

Preservation of values of the initial relation on A( X), 
and of inclusion order in F(X x X) can be considered 
natural requirements for extended relations. An extra 
interesting condition would be that some properties of 
the relation (especially reflexive, symmetric and tran-
sitive) are also preserved. 

Definition 1 Given a set X and a class P of fuzzy 
subsets in X such that A( X) ~ P, an application 
e : F(X x X) -> F(P x P) is extension of relations 
in P if it fuljills: 

(El) e(R)(la, lb) = R(a,b) for all a,b E X and 
REF(X x X) 

(E2) e(R) ~ e(R') when R ~ R' for all R, R' E 
F(X X X) 
This extension will be complete when also 

(E3) If R is a similarity in X then e(R) is a simi-
larity in P 

Condition (E2) says that every extension is isotone. 
In fact, this statement can be improved taking into ac-
count condition (El). 

Proposition 2 Let e be an extension of relations and 
R, R' fuzzy binary relations whatever on X then 

i) R ~ R' if and only if e(R) ~ e(R'). 
ii) R = R' if and only if e(R) = e(R'). 

Proof : According (E2), in (i) it remams to prove 
the sufficiency. If e(R) ~ e(R') then e(R)(A, B) ~ 
e(R)(A,B) for all A,B E F(X). For every a,b EX, 
setting A= la and B = lb, we conclude 

R(a,b) = e(R)(la, lb) ~ e(R')(la, h)= R'(a,b) 

1. e. R ~ R'. From (i) in both directions follows (ii). 

• 
Moreover for every extension the converse of com-

pleteness property (E3) can be shown. 
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Proposition 3 For e extension of relations in P, if 
e(R) is a similarity in P ~ :F(X) then R is a similarity 
in X. 

Proof : Suppose that e(R) = Re is a similarity. By 
reflexivity R(A,A) = 1 for all A E P. Particularly, for 
every la E A(X) according to (El) 1 = R'(la, la) = 
R( a, a), i.e. R is reflexive. Symmetry follows analo-
gously from the symmetric condition of R'. Finally, if 
Re is min-transitive in P, then for every a, b, c E X 

Re( la, lb) > sup min(Re(la, M), Re( M, lb)) 
MEP 

> min(Re(la, le), Re (le, lb)) 

Therefore R Is transitive 
R(a,b) ~ min(R(a,c),R(c,b)). 

because 

• 
As it has been said (.:F(X x X),~) is a De Morgan 

algebra. A consequence of Prop. 2 is that this alge-
braic structure, based in the preorder ~. is preserved 
in :F(P xP) through each extension of relations. Taking 
into account that :F(X x X) is a bounded, complete, 
completely distributive and pseudocomplemented lat-
tice with the operations U, n, c, it suffices to define the 
operations in e(:F(X x X)) as 

e(R) U e(R') = e(R u R') 

e(R) n e(R') e(R n R') 

K:e(R) = e(l- R) 

to make e homomorphism and to maintain the proper-
ties. 

4. Correspondences obtained by ag-
gregation 

A first way of fuzzifying the different sorts of corre-
spondence shown in Section 2 consist in considering the 
formulas (1)-(4) in a fuzzy first order predicate calcu-
lus (FFOPC). A truth assignment for every formula is 
given (cf. Gottwald [10]) by the following rules: If [[H]] 
represents the truth assignment in [0, 1] for a formula 
H in FFOPC 

[[HI 1\ H2JJ = T(((HIJl, ([H2]]) (8) 
[[Ht V H2]] = S([[Ht]], [[H2]]) (9) 
[[-.H]] = n([[H]]) (10) 

where T, S, n represent a t-norm, a t-conorm and a 
function negation respectively, according as defined in 
Section 2. For the existential and universal quantifiers 
we get a first interpretation by applying the rules 

[[VxH(x)]] = inf [[H(xja)]] 
a EX 

[[3xH(x)]] = sup[[H(xja)]] 
a EX 

( 11) 

(12) 
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where H(xfa) indicates that the free variable xis sub-
stituted by a value a E X. 

These formulas can also be interpreted through op-
erators resulting from iterated t-norms and t-conorms 
(cf. [12]), which represent generalizations of the supre-
mum and infimum. The employment of these operators 
give two other similar rules 

[['v'xH(x)]] = T [[H(xfa)]] (13) 
a EX 

[[3xH(x)]] = S [[H(xfa)]] (14) 
a EX 

The recursive application of this set of rules assigns 
a value in [0, 1] to any formula in FFOPC, particularly 
to those shown in (1)-(4). Hence each sort of subset 
correspondence gives rise to a fuzzy subset correspon-
dence through an interpretation of its logical formula. 
Given a binary fuzzy relation R and two fuzzy subsets 
A, B in X, the predicates R(x, y), A(x ), B(y) represent 
now the membership degree in the respective subsets. 
In this way the degree of subset correspondence comes 
from the truth assignment of the respective formula. 

In the case of minimal correspondence, the degree is 

~(A, B) [[ 3x3y[R(x, y) 1\ A(x) 1\ B(y)]]] 

sup sup T(R(x, y), T(A(x), B(y))) 
:z:EXyEX 

when the rules (8) and (12) are used. Another degree 
will be obtained by applying a conorm S, according to 
the rule (14), 

R~(A, B)= S S T(R(x, y), T(A(x), B(y))) {15) 
:z:EXyEX 

This value can be interpreted in fuzzy subsets as a 
kind of aggregation, using an iterated t-conorm over 
the membership degrees in the relation R n (A x B), 
when n and x are interpreted by the same t-norm. In 
the canonical interpretation of these norm and conorm 
with max and min, the aggregation is obtained with 
sup, which is the iterated t-conorm for max, and the 
final value results 

R~(A,B)= sup min(R(x,y),A(x),B(y)) {16) 
:z:,yEX 

In the general case the fuzzy minimal correspondence 
depends on the choice of operators [S, T]. This kind 
of constructions has been studied in [8] as relations 
extended by aggregation according to the triplet t = 
[S, T, T']. The extended relations were there defined by 

R;(A, B)= S T(R(x, y), T'(A(x), B(y))) 
x,yEX 

Applying this method to formulas (2)-( 4) three other 
sorts of fuzzy correspondence are deduced, by interpret-
ing the connective 1\ and the quantifiers according to 
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the rules (8)-(10) and (14) 

R;(A, B) T' S T(R(x,y), T(A(x),B(y))) xEXyEX 
R~(A, B) S T' T(R(x,y), T(A(x), B(y))) xEXyEX 
R~ (A, B) T' T(R(x, y), T(A(x ), B(y))) x,yEX 

They are the fuzzy versions of right directed, left di-
rected and maximal subset correspondences. 

Now we shall study whether or not the constructions 
obtained by aggregation are extensions of relations. All 
shown expressions can be characterized by the norms 
or conorms employed. For each triplet t = [P, Q, T], 
where T is a norm and P, Q norm or conorm, there is an 
application at(R) = R; from .:F(X x X) into .:F(.:F(X) x 
.:F(X)) such that for two fuzzy subsets A, Bin X 

R;(A, B)= PxEXQyExT(R(x, y), T(A(x), B(y)) (17) 

Theorem 1 In a referential X with at least two ele-
ments, for a triplet t = [ P, Q, T], the application at 
satisfies the property {El) if and only if P and Q are 
conorms. 

Proof: Sufficiency is clear from (17) and monotonicity 
of conorms. 

Let a -:f. b be and R a relation such that R(a, b) -:f. 
0. If Q is a norm, extending R as in (17) we have 
at(R)(la, lb) 

PxEXQyEXT(R(x, y), T(la(x), lb(y)) 
< PxEX inf T(R(x, y), T(1a(x), lb(y)) 

yE X 

< P.,ExT(R(x, a), T(1a(x), 1b(a)) = 0 

being P norm or conorm. 
at(R)(la, lb) = 0 -:f. R(a,b). 

Hence it results 

If P is a norm and Q norm or conorm, we deduce 

PxEX QyExT(R(x, y), T(la(x), lb(Y)) 
< PxExT(R(x, b), T(1a(x), lb(b)) 

PxExT(R(x, b), 1a(x)) 
< inf T(R(x, b), la(x)) xEX 
< T(R(b,b), la(b)) = 0 

In both cases (El) is not fulfilled, what proves necessity . 

• 
As a direct consequence of this theorem, only the 

fuzzy minimal correspondence could generate an ex-
tension of relations by aggregation. The relations R~ 
defined in {15) and (16) are developed for this case. 

Corollary 1 Let R be a fuzzy binary relation and t 
an aggregation triplet, then the application at such that 
at(R) = R~ is an extension of relations in .:F(X). 
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Proof: (El) is verified from the theorem. Concerning 
(E2), if R ~ R' is verified, one has at(R) ~ at(R') by 
monotonicity of norm T and conorm S. • 

5. Correspondences obtained by 
segmentation 

Proposition 1 shows equivalent set-theoristic conditions 
for formulas in FFOPC representing each type of subset 
correspondence induced by a relation in X x Y, 

Another way of fuzzifying the initial formulas is to 
consider within the conditions of Proposition 1, fuzzy 
subsets and operations instead of crisp ones. When 
R, A, B satisfy some of these conditions the statement 
means that there is an interrelation according to min-
imal, mutual or maximal correspondence. These in-
terrelations will be crisp relations R!;, ~, Rt between 
fuzzy subsets defined as follows 

ARJB 
Alf!;,B 
ARtB 

-
-
-

(An(RoB)(x) -:f. 0 
A~RoB, B(_;;_AoR 
A~Rr>B, B~A<lR 

It is possible to diversify the constructions for inter-
relations by means of the choice of norms and conorms 
associated to operations n, o, 1>. Here we will use the 
canonical interpretation with min for the intersection 
and sup- min for ordinary composition. According to 
Baets-Kerre [2], the fuzzy version for the right compo-
sition 1> introduced in ( 6) is 

(R 1> S)(x, z) = min(infy(S(y, z) ~ R(x, y)), 
supy R(x,y),supy S(y,z)) {18) 

where -+ represents the godelian implication oper-
ator, that is a ~ b = 1 if a ~ b and b otherwise. 
Analogously is introduced fuzzy left composition <J. 

Since we will later apply this definition to level-cuts 
of a fuzzy relation R, that is 

Ra = { (X, Y) I R( X, Y) ~ 0:} 

and these relations are crisp, let us see now characteri-
zations of the different interrelations R+ between fuzzy 
subsets generated by a crisp relation R. 

Proposition 4 Let R be a non empty crisp relation in 
X and A, B fuzzy subsets whatever then 

i) AR~ B iff sup.,,y{min(A(x), B(y)) I xRy} -:f. 0 
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ii) AR;;,B ifj 

{ 
Vx if A(x) # 0 
Vy if B(y) # 0 

then 
then 

A(x) ~ SUPyExR B(y) 
B(y) ~ supxERy A(x)} 

iii) AR~ B ifj 

{ 
Vx, y if A(x) # 0 and B(y) -:j:. 0 then xRy, 
hgt(A) = hgt(B) 

where hgt(M) = supxEX M(x) represents the height of 
a fuzzy subset M. 

Proof : (i) The condition of interrelation A n (R o 

B) f: 0 is equivalent to hgt(A n (R o B)) # 0 or 
supx,yExmin(R(x,y),A(x),B(y)) # 0. The last ex-
pression for R crisp becomes sup.,, 11 {min(A(x), B(y)) I 
xRy} # 0. 

(ii) In the mutual correspondence the interrelation 
A~B is equivalent to 

{ 
Vx A(x)~(RoB)(x)=sup11Exmin(R(x,y),B(y)) 
Vy B(y) ~ (A o R)(y) = supxEX min(A(x), R(x, y)) 

The first condition is equivalent to the property 

Vx if A(x) # 0 then A(x) ~ sup B(y) 
yExR 

because for x E X such that A(x) = 0 the inequal-
ity in the condition is immediate, and when A(x) -:j:. 
0, supposed this property, A(x) ~ sup11 ExR B(y) = 
sup11 min(R(x, y), B(y)). Conversely, assume that 
for all x A(x) ~ sup11 min(R(x, y), B(y)); if we 
take xo such that A(xo) # 0 when xoR = 0, 
sup11 min(R(xo, y), B(y)) = 0 and hence A(x0 ) = 0 
against hypothesis. Thus xoR # 0 and first condition 
of interrelation becomes A(x0 ) ~ supyExoR B(y). The 
property goes for B in a similar way. 

(iii) First, let us prove sufficiency. The interrelation 
ARt B entails 

{ 
Vx A(x) ~ (Rt>B)(x) 
Vy B(y) ~ (A <1 R)(y) 

that is, according to the interpretation in (18) 

{ 

Vx A(x) ~ min(infy(B(y)-+ R(x, y)), 
supy B(y),sup

11 
R(x,y)) 

Vy B(y) ~ min(inf.,(A(x)-+ R(x, y)), 
sup., A(x), sup., R(x, y)) 

From the first condition results 

Vx A(x) < inf(B(y)-+ R(x, y.)) 
y 

Vx A(x) < sup B(y) = hgt(B) 
!I 

Vx A(x) < sup R(x, y)) 
!I 

(19) 

(20) 

(21) 

From (21) we conclude hgt(A) ~ hgt(B), what together 
with hgt(B) ::; hgt(A) coming out from the second con-
dition gives equality. 
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Let xo,Yo be such that A(x0 ) # 0, B(yo) # 0. As 
infy(B(y) -+ R(x0 , y)) is 0 or 1, according to (21) 
infy(B(y) -+ R(x0 , y)) = 1. For every y, we have 
B(y) -+ R(x0 , y) = 1 what, being B(yo) # 0, R crisp 
and -+ godelian implication, gives R(xo, Yo) = 1, i.e. 
x 0 Ry0 . Thus the sufficiency is proved. 

Conversely, from equality hgt(A) = hgt(B) it results 

Vx A(x) ~ hgt(B) (22) 

Let x0 an arbitrary element of X. If A(xo) # 0, then 
there will be some Yo such that B(yo) # 0. From 
the second hypothesis we deduce R(xo,Yo) = 1, and 
A(xo) ~ sup11 R(x0 , y). When A(xo) = 0 the last in-
equality is obviously true. Therefore in all cases 

Vx A(x) ~sup R(x, y) 
y 

(23) 

Finally, if A(x0 ) f: 0 then B(y) -+ R(xo,Y) = 1 for 
every y since when B(y) # 0 we have R(xo, y) = 1 by 
hypothesis and when B(y) = 0 the equality is evident. 
Thus infy(B(y)-+ R(x0 , y)) = 1 ~ A(xo). As it is also 
true when A(xo) = 0 

Vx A(x) ~ inf(B(y)-+ R(x, y)) (24) 
!I 

From the inequalities (22), (23) and (24) we obtain 

Vx A(x)::; min(inf11 (B(y)-+ R(x, y)), 
supy B(y),supy R(x,y)) 

The second condition can be obtained analogously. • 

Using this concept of interrelation it is possible to 
establish degrees of correspondence between fuzzy sub-
sets. Remember that every fuzzy relation R in X can 
be represented by the family of level-cuts {Ra} where 
a E [0, 1]. For each type of correspondence there exists 
a linear order induced in the corresponding family of 
interrelations ( Ra) +. 

Proposition 5 Let R be a fuzzy binary relation. For 
a-1. a-2 E (0, 1] such that a-1 ~ a-2 

i} (Ra2)t ~ (Ra!)t 
ii} (Ra2)~ ~ (Rai)~ 
iii} (Ra2)t ~ (Ra!)t 

Proof : First, let us observe that Ra2 '"'' are crisp re-
lations and Ra

2 
~ R 01 when a-1 ~ a-2 . We must prove 

that for A, B arbitrary fuzzy subsets of X, if A(Ra2)+ B 
then A(Ra!)+ B for each type of correspondence. 

(i) According to Proposition 4 (i) if A(Ra2 )tB then 
sup.,,y{min(A(x), B(y)) I xRa2 Y} # 0. As 

sup min(A(x), B(y))::; sup min(A(x), B(y)) 
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also we have SUPr,y{min(A(x), B(y)) I xRa2 Y} -:/: 0, i.e. 
A(RaJ~B. 

(ii) Let us assume A(Ra2 )~B and let xo be an el-
ement such that A(x0 ) -:/: 0. Then, by Proposition 4 
(ii) 

A(xo) $ sup{B(y) I xoRa,Y} $ sup{B(y) I xoRa,Y} 
!I !I 

When A( x) = 0 the inequality obviously holds. There-
fore A(x) $ sup11 {B(y) I xRa,Y} for all x E X. The 
second condition can be shown in a similar way. 

(iii) If A(Ra,)AB then hgt(A) = hgt(B). Moreover, 
when xo, Yo are two elements such that A(xo) -:/: 0 and 
B(yo) -:/: 0 then xoRa,Yo follows from Prop. 4 (iii), and 
xoRa,Yo from inclusion Ra, ~ Ra,· Thus A(Ra,);t"B. 

• 
In all types of correspondence, given two fuzzy sub-

sets A, Band the family of interrelations {(Ra)+ }aE[O,l) 
corresponding to R, we can consider the sets 

C = {a E (0, 1) I A(Ra)+ B} (25) 

which results to be extremal sub interval of [0, 1), in view 
of the order established in previous proposition,. 

Proposition 6 For any type of correspondence, if C "# 
0 then there exists some v E [0, 1) such that [0, v] = 
CU{v}. 

Proof: Let v =sup C. Suppose that a E [0, v). If a (j 
C then for every {J E C we have {J $a, otherwise using 
previous proposition one would have a E C. Hence a 
is an upper bound of C, contradicting a < v = sup C. 
Therefore a E C. As [0, v) ~ C we conclude [0, v] ~ 
CU {v}. On the other hand [O,v] 2 Cu {v}, because 
v =sup C. 

In a dual form, it can be shown that (v, 1] is contained 
in the complement of C. • 

For each type of correspondence, the value sup C can 
be seen as the measure of the optimum level of interrela-
tion, and can be used as degree of relationship between 
A and B through R. In the case of minimal interrela-
tion we define 

R~(A,B) = sup{a E [0, 1] I A(Ra)~B} 
and, in a similar way, for the maximal and mutual in-
terrelation 

R~(A,B) 

R~(A,B) 

sup{ a I A~ Ra oB, B ~A oRa} 

sup{ a I A ~ Ra r> B, B ~ A <J Ra} 

These degrees are built under the hypothesis C -:/: 0, 
consequently with 0 E C. This entails restrictions on 
the fuzzy subsets A, B to be considered. 
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Proposition 7 Let A, B be two fuzzy subsets, R a bi-
nary fuzzy relation and Cv,Co-o,C11 the sets obtained 
from (25} with minimal, mutual and maximal corre-
spondence, then 

i) Cv -:/: 0 iff A -:/: 0 and B -:/: 0 
ii) CM -:/: 0 iff hgt(A) = hgt(B) 
iii) C11 -:/: 0 iff hgt(A) = hgt(B) 

Proof : In any case, C "# 0 if and only if 0 E C, i.e. 
whenever A(Ro)+ B. 

(i) The above condition is equivalent 
to sup.,, 11 min{A{x), B(y)) "# 0. Then there are some 
xo, Yo such that A(xo) "# 0 and B(yo) "# 0, i.e A "# 0 
and B-:/: 0. 

{ii) A(Ro)~B is equivalent to 

{ 
Vx A(x) $ sup11 B(y) = hgt(B) 
Vy B(y) $ supr A(x) = hgt(A) 

(iii) As Ro is crisp, from A(Ro)t B we deduce 
hgt(A) = hgt(B) by Proposition 4 (iii). The con-
verse follows from the same proposition: suppose that 
hgt(A) = hgt(B), then the second condition of propo-
sition is immediate, because xRoy for every x, y; there-
fore A(Ro);t B. • 

Each of the three kinds of optimum level of inter-
relation induces an application e from :F(X x X) into 
:F(P x P) such that e(R) = R0 where Pis, in each case, 
the corresponding class of fuzzy subsets characterized 
by c-:/: 0. 

Let it be observed that, in particular, the class .N(X) 
of normal fuzzy subsets, i. e. fuzzy subsets such that 
hgt(A) -:/: 0, satisfies all those conditions. 

Theorem 2 Let R be a fuzzy relation. The applica-
tions ev,e~><~, e11 from :F(X x X) into :F(.N(X) x.N(X)) 
defined as above, are extensions of relations in .N(X). 

Proof : Obviously .N(X) includes the class A(X) of 
fuzzy atoms. Let us see now that axioms (El)-(E2) of 
Definition 1 are verified for the three types of corre-
spondence. 

Case ev : By definition ev(R)(A, B) = ~(A, B) = 
sup{ a E [0, 1) I A(Ra)~ B}. For a, b arbitrary elements, 
if R(a,b) =m then la n(Rm o lb) "# 0 and for a> m it 
results Ra(a, b) = 0 and la n (Rm o lb) = 0. Therefore 
R~(1a, h)= m. 

Let A, B be fuzzy subsets, if R ~ R' then Ra ~ R~ 
for any a, and due to monotonicity in composition 
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By taking supremum we have JlZ.(A, B) :S R~(A, B). 
Therefore (E2) is verified. 

Case e..., : Let a, b be arbitrary elements in X and 
let m= R(a, b). If ~(la, lb) =m is proved then (El) 
holds. First, let us see that la(Rm)jh. When x =a 

la(x) = 1 = R.n(a,b) = supmin(Rm(x,y), lb(Y)) 
y 

and when x # a one has la(x) 0 
supy min(Rm(x, y), lb(Y)). Thus 

la(x) :S supmin(Rm(x,y), h(y)) 
y 

< 

IS fulfilled for every x. Analogously, lb(Y) < 
sup., min(Rm(x, y), la(x)) holds for all y , and la, lb 
are interrelated by (Rm)j. Furthermore, for ex > m = 
R(a, b) 

sup min(R.(a, y), lb(Y)) = Ra(a, b)= 0 < 1 = la(a) 
y 

that is la, lb can not be interrelated by (Ra)~. Hence 
~(la, lb) = m = R(a, b) and consequently (El) is 
verified. 

To show (E2) suppose R ~ R'. Let A, B E N(X) 
and let m = ~(A, B). By definition, if ex < m then 
A(Ra)~B, that is 

A ~ Ra o B and B ~ A o Ra 

As Ra .~ R~ and the composition sup- min is mono-
tonic 

A ~ R~ o. B and B ~ A o R~ 

Thus A(R~)~B for ex < m. Therefore one has that 
sup{ex I A(R~)~B} ~ m, and we conclude that 
~(A, B) :::; R:!(A, B). 

Case e" : Proving as for e ..... , the inequality 

la(x):::; min(infy lb(Y)-+ Rm(x,y), 
hgt(lb),sup., Rm(x,y)) 

is immediate when x # a. For x = a it is also verified 
smce 

Furthermore, if ex> m 

inf h(y)-+ Ra(a, y) = lb(b)-+ Ra(a, b)= 0 
y 

In (E2), it suffices to prove monotonicity for the com-
position t>. As infy(B(y) -+ Ra(x, y)) :::; infy(B(y) ~ 
R~(x,y)) when Ra ~ R~, then Rat> B ~ R~ t> B. In 
a similar way the monotonicity for <J can be proved. 
Applying these properties from Ra ~ R~ one obtains 
R~(A,B) :S R~(A,B) for every A,B. • 
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When complements of relations are taken into ac-
count, dual constructions for each type of correspon-
dence can be obtained. In this way, extensions as the 
one studied by Brink et al. in [4], appear placed in a 
general frame. 

With the use of complements defined through the 
negation function n(x) = 1 - x (see Sec. 3), two fam-
ilies {(Rcr)c} and {(Rc)cr} arise from non-strict cut-
ting made before or after complementation respectively. 
Also from strict level cuts 

Ra = {(x, y) I R(x, y) >ex} 

two other families appear. 

Proposition 8 Given a fuzzy binary relation R, for 
a/laE[O,l] 

i} (Ra)c ~ (Rc)l-a ii} (Ra)c = (Wh-cr 

Proof: (i) Fixed a, for x,y EX such that R(x,y) #a 
we have the equivalences 

Ra(x, y) = 1 {::} R(x, y) > a{::} Rc(x, y) < 1- ex 
{::} (Rch-a(x, y) = 0 

Thus (RaY(x, y) = (Rch-a(x, y). When x, y are such 
that R(x, y) =a, as Re(x, y) = 1- a 

(Ra)c(x, y) = 0 < 1 = (Rch-a(x, y) 

Therefore (RaY~ (Rch-a in all cases. 

(ii) For strict level cuts the equality is maintained 
in the second case, since when R(x, y) = a it results 
Ra(x, y) = 0 and (RaY(x, y) = 1. • 

This result in account, with the family {(Rcr)c} 
{ Q"}, one can form three new constructions 

~(A, B) 

R!,(A,B) 

R~(A,B) 

inf{ex I A(Qcr)jB} 

inf{ex I A(Qa).!.B} 

inf{a I A(Qa)tB} 

that are called dual optimum levels of interrelation. 

As the following proposition is verified in every type 
of correspondence, from now on we omit subscripts V, IXl 

and /\. 

Proposition 9 Let R be a fuzzy binary relation, for 
every type of interrelation (minimal, mutual or maxi-
mal) R• = 1 - (Rc)o is fulfilled. 

Proof: According to Proposition 8 (ii) Qcr = (Rch-a 
for every a E [0, 1], hence (Qa)+ = ((Wh-cr)+ in every 
type of correspondence. For fuzzy subsets A, B 

R•(A, B) inf{a I A(Qcr)+ B} 
inf{a I A((Rch-cr)+ B} 

Summer1995 



54 

Taking j3 = 1 - a, it results 

Therefore 

1- (Rct(A, B) 

(1- (Rct)(A, B) 

• 

6. A case example 

In this section we will present an implementation of 
the methods studied, with which we intend, on the 
one hand, to show by means of a concrete exam-
ple the effective computation in finite referentials for 
~, R~, ~, R~ and, on the other hand, to illustrate 
the usefulness of the concepts in real applications. 

Suppose the manufacturing process of products in 
which each product consists of several components with 
different proportions. For certain components it is 
possible some degree of interchangeability, represented 
by a fuzzy relation R on the set of components, say 
X = {p, q, r, s}. Then the relation R is expressed nu-
merically by a 4 x 4-matrix. 

Products are represented by fuzzy subsets in X, 
defining the relative proportion in which each compo-
nent enters in the product. Relations extended from R 
would indicate a degree of interchangeability between 
the products. 

For instance, let R be given by the matrix 

MR = 0.6 1 0.7 0.4 
( 

1 0.6 0.2 0.4 ) 

0.2 0.7 1 0.5 
0.4 0.3 0.5 1 

If two products A, B are represented by the 
fuzzy subsets A = (0.2fp,0.6fq,Ofr, 1/s) and B = 
(1/p,0.5fq,Ofr,0.3fs) then the value R~(A,B) in the 
canonical case, according to definition 

R~(A, B)= maxmin(A(x), max min(R(x, y), B(y)) 
:r:EX yEX 

can be obtained by the max-min matricial product 
AtMRB· Thus 

R~(A, B)= 

(02, 0 6, 0, 1) ( ~~~ 
0.6 0.2 
1 0.7 

0.7 1 
0.4 0.3 0.5 

0.4 ) ( 1 ) 0.4 0.5 = 0.6 
0.5 0 
1 0.3 
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In order to calculate R~(A, B) it suffices to verify the 
interrelations A( Ra )t B. For the level cut R1 we have 
pR1p. As min(A(p), B(p)) = min(0.2, 1) = 0.2 "1- 0, it 
results that maxx,y{min(A(x), B(y) I xR1y} "1- 0 and, 
according to Prop. 4(i), A( RI)~ B. Then 

R~(A,B) =sup{ a I A(Ra)~B} = 1 

For R~(A, B), we follow the same method verifying 
the interrelations A(Ra)tB. It is easy to observe that 
A(Ro 4)tB is true, but A(Ro.s)tB is false. In fact, 
A~ RoA oB and B ~ A o R0.4 , but A Cf:. Ra oB for 
a: > 0.4. To prove, by example, A ~ Ro.4 o B one 
verifies that A(x) ~ maxyEX min(Ro.4(x,y),B(y)) for 
all x E X. As Ro.4 and B can be combined by max-min 

matricial product, it remains 

AC 
( 

~ ) ( ~ ~ ~ ~ ) ( 0~5 ) 
0.5 0 1 1 1 0 
1 1 0 1 1 0.3 

The other cases are also easily demonstrable. Conse-
quently 

~(A, B)= sup{a: I A(Ra)~B} = 0.4 

In the case of R~, the properties derived from Prop. 
4(iii) for A(Ra)A B are studied. In all cases hgt(A) = 
hgt(B) = 1. Taking R 0.3 , for every x, yE X such that 
(A x B)(x, y) =f 0 one has xRo. 3 y. It suffices to compare 
the matrix obtained for A x B and the correspondent 
to Ro.3 

( 

0.2 
0.6 
0 
1 

0.2 0 0.2 ) 
0.5 0 0.3 
0 0 0 

0.5 0 0.3 

Then for the places with non null value in A x B, the 
value in Ro.3 is 1. However, for a> 0.3 it results that 
A(q) = 0.6 and B(r) = 0.3, but Ra(q, r) = 0. Thus 

R~(A,B) = sup{a: I A(R,.)~B} = 0.3 

In an analogous way we can obtain the dual extended 
relations. Particularly, for the case of mutual corre-
spondence the matrix for Q0 .6 is 

( 

1 0 0 0 ) 
0 1 1 0 
0 1 1 0 
0 0 0 1 

Then A(Qo.6)tB is true, but not A(Q,.)tB for a< 0.6. 
Therefore ~(A, B) = 0.6. This result confirms that, 
in general, the relations R• and R 0 are not equal. How-
ever, for Re the calculations give (Rc)~(A, B) = 0.4, 
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what confirms the result of Prop. 9, that is ~(A, B)= 
1 - (Rc)~(A, B) . 

Each one of this values allows to give a degree of 
interchangebility for the products represented by A and 
B. In the method of extension by segmentation, the 
different degrees show the restrictions imposed to the 
correspondence and, consequently, they appear ordered 

R~(A, B)?: R~(A, B)?: R~(A, B) 

7. Conclusions 

The framework presented here includes a wide variety 
of cases in extensions of relations, some of which have 
already been the subject of particular studies. Chang 
[5) has used this concept in the context of fuzzy algo-
rithms. The authors in [9) have developed extensively 
the relations extended by sup-T aggregation and mu-
tual optimum level of interrelation, including in both 
cases algorithms to calculate the degree of relationship 
and analysis of completeness of the extensions. 

The global approach of this work can be continued 
with the study of the possible constructions obtained 
when the inclusion relation on subsets is stated in terms 
of fuzzy implication operators (see [3) [13]) and testing 
when the resulting relations verify or not the definition 
of extension. Also the study of the relationships of these 
constructions by aggregation with the Zadeh's principle 
of extension remains to be done. There exist moreover 
forms of partial aggregation and mixed segmentation 
which seem to be of interest for the applications. 
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ABSTRACT 
Interactive evolution is a method from the class of evolutionary computation in which the user 
may interrupt the evolutionary process. In doing so, the user can allow his/her preferences to 
determine the fitness of individuals, thereby directing evolution. In this paper, we develop a 
method that evolves models and show its particular application to the interactive evolution 
of mathematical functions. We describe a program, J ardin-curve, that takes data (possibly 
real-valued) and determines a curve and function belonging to this curve. The evolutionary 
process then proceeds on the basis ofthe function obtained in this manner. More generally, the 
central idea of this method is that the user can draw many curves, or give some real-values, 
and the program will find their underlying mathematical function. Applying evolutionary 
operators to this function generates subsequent variations to reach the objective function, a 
process that continues with the potential for further user interaction. 

1. Introduction 

The world of model optimization is becoming very 
complex. In order to deal with this complexity, 
it is necessary to develop appropriate application 
technologies that can extend human capacity and 
reasoning. One such technique, simulated evol-
ution, takes its inspiration from processes in the 
natural world that create forms of complex design. 
Based on this process of natural evolution, a variety 
of evolutionary computation (EC) methods have 
been proposed. In particular, we describe one such 
method, Interactive Evolution (IE) (Graf 1995), as 
an approach to model evolution through selection 
and variation. 

Interactive Evolution is a powerful method combin-
ing the strength of natural selection with the judg-
ment of a human user. Specifically, a human user 
first ranks or selects his favorite individual models 
in a current population. These selected instances 
then constitute the basis for the next generation of 
models, which are the resulting offspring from the 
application of the evolutionary operators. These 
operators, such as recombination and mutation, are 
thus used to evolve variations and improvements of 
an existing set of simulated models. 

This paper demonstrates the utility of the inter-
active evolution (IE) method to evolve classes of 
mathematical functions by incorporating the user 
into the selection process of simulated evolution. 
Although we restrict ourselves in this paper to mod-

els as functions, we should also point out that this is 
a general framework and that such models may be 
graphical models, functions, parameters and curves, 
or data with some specific characteristics. This 
technique can optimize a favorite model, which in 
this case has some functional form. It may also 
be used to generate numerous models, which are 
constrained variants of the user's design. 

Another motiviation for introducing the user into 
the process of simulated evolution is that, although 
the use of evolutionary algorithms for optimization 
is a powerful one, often the practicality of this ap-
proach is limited by the complexity of the search 
involved. That is, the space of possible models is 
too great without some significant reduction. In 
many cases, this reduction can be acheived by al-
lowing the user to interact with the evolutionary 
process to select particular models and discard oth-
ers, thereby delimiting the search problem to some 
subset of interest. 
To summarize our general Interactive Evolution ap-
proach, among its advantages are: 
1. Its performance properties: convergence to a 
target, or desired, model; approximation and op-
timization of models. 
2. Its generative properties: within a short time 
it can generate numerous models and so facilitates 
the efficient search of some space. 

This paper, then, presents to both the scientist and 
designer a new technique to develop and extrapol-
ate simulated models of physical systems through 
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applying evolutionary operators, such as mutation 
and recombination. Specifically, we present J ardin-
curve, a computer program that can evolve any 
graph-function model by interactive evolution. 

This is a new methods, that interprets data 
(possibly real-valued) and determines a curve and 
function belonging to this curve. In addition 
the user can draw many curves, linear or non-
linear, that the program will find their underlying 
mathematical function. We demonstrate how to 
solve and get the mathematical function from such 
curves, with the help of evolutionary computation 
tools, such as interactive evolution tool. Applying 
evolutionary operators to this function generates 
subsequent variations to reach the objective func-
tion, a process that continues with the the potential 
for further user interaction. 

2. Evolutionary Computation 

Evolution is not only powerful enough to bring 
about biological entities as complex as humans, but 
its principles are also useful in simulations to create 
algorithms and structures of higher levels of com-
plexity than could easily be built by traditional 
design. Interactive evolution is a method derived 
from the class of evolutionary computation (EC) 
which are based upon a simple model of organic 
evolution. Systems of selection and variation can 
be used to evolve models. Evolution proceeds from 
generation to generation by exchanging genetic ma-
terial between individuals (recombination), i.e. by 
trying out new combinations of partial solutions, 
and by random changes of individuals (mutation). 
New variations are subjected to selection based on 
an evaluation of features of the individuals accord-
ing to certain (fitness) criteria. 

The best-known representatives of this class of evol-
utionary algorithms are evolutionary programming 
(EP), developed in the U.S. by L.J. Fogel (Fogel, et 
al. 1966), evolution strategies (ESs), developed in 
Germany by I. Rechenberg (1973) and H.-P. Schwe-
fel (1981), and genetic algorithms (GAs), developed 
in the U.S. by J.H. Holland (1975). 
The first applications of evolution strategies (ES) 
came in the field of experimental optimization and 
used discrete mutations. The ES uses real-valued 
object variables and mutation as its main search op-
erator. In addition, recombination operators (e.g. 
discrete recombination) are applied. Parameters 
such as the standard deviation of the mutation are 
added to the representation (individual) as strategy 
parameters, which are adapted during the simula-
tion via heuristics such as Rechenberg's 1/5 success 
rule (Rechenberg 1973). Only the J.l best individu-
als out of the >. offsprings or out of the offsprings 
and parents are selected to form the next popula-
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tion (Schwefel 1981, Back 1994). 
Evolutionary programming (EP) was originally pro-
posed as a method to optimize finite state machines 
for time series prediction, a prerequisite for evolving 
intelligent behavior. More recently, EP has been 
used to address real-valued optimization problems, 
e.g., see (D. B. Fogel 1992). A population of can-
didate solutions to the task at hand is subjected 
to random variation and selection over successive 
iterations. 
Evolutionary programming, as in ES, uses real-
valued object variables and normally distributed 
random mutation with expectation zero. The vari-
ance of the distribution evolves during the optim-
ization process. It is calculated separately for each 
representation as a transformation of its own fitness 
value. Mutation is the primary operator. Recom-
bination is not used in the standard EP algorithm. 
Objective function values are scaled and possibly 
randomly altered to obtain the fitness. Selection of 
new parent representations is done probabilistically 
using a competition procedure which guarantees 
that the best representation is always retained and 
the worst always discarded (Fogel et al. 1992). 
The genetic algorithm (GA) approach works on a 
genotypic level of usually binary encoded individu-
als. (Goldberg 1989). Various selection schemes, 
such as proportional selection, are applied with 
respect to the relative fitness of the individuals. 
Recombination (e.g., 1-point crossover) serves as 
the main search operator. Mutation (e.g., bit-
mutation) is used at a low rate to maintain di-
versity. Nearly no knowledge of the properties of 
the object function is required. In order to use a 
GA for optimization, a mapping from the genotype 
(bitstring) to phenotype (realized behavior) has to 
be defined. This could be a very complicated task, 
because the mapping is absolutely crucial for the 
performance of the GA. 
Genetic programming (GP) is a genetic example of 
learning into the space of programs. These pro-
grams are implemented through operating on tree 
structures. That is, in GP the crossover operation 
is applied by substituting randomly selected sub-
trees in individuals. It should be mentioned that 
GP usually does not use any mutation as a genetic 
operator (Koza, 1992). 

A particularly promising domain for the application 
of evolutionary computation involves the graph-
ical representation of information, either directly 
in terms of morphological properties of physical 
systems, or indirectly through the visual display of 
quantitative information. 
In his book, The Blind Watchmaker (1986) Richard 
Dawkins, for example, demonstrated the potential 
of Darwinian variation and selection in graphics. 
There he evolved 2-D graphic objects termed bio-
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morphs, which were produced from a collection of 
genetic parameters in interaction with the user. Re-
cently, some research has been directed at the ap-
plication of genetic algorithms to image and graph-
ics problems, such as the segmentation of range 
images (Meygret et.al. 1992) and pattern identi-
fication. Sims (1991) used genetic algorithms for 
interactive generation of color art. 
Our main objective in applying principles of sim-
ulated evolution lies in their potential to develop 
useful tools for real-world applications in engineer-
ing and industrial design. To this end, we have de-
veloped new and general techniques called J ardin-
Interactive Evolution to evolve 2-D (bitmap) and 
3-D (voxel) design images (Graf et. al. 1995b). 
These can be applied to many fields of interest, such 
as the design of buildings and cars, or indeed any 
industrial design. 
These techniques can be applied to such areas as 
the production of computer graphics and include, 
e.g., computer-aided design, drafting, simulation 
and animation for geographic visualization, envir-
onmental modeling, architecture and civil engineer-
ing design (Graf 1995), biology, engineering design, 
and environmental sciences. 
The novel idea in such techniques is that we develop 
a system that presents progressively evolving solu-
tions for simulated models by means of interactive 
processes. 

3. Interactive Evolution of Mathemat-
ical Functions 

The Underlying problem is finding a solution for 
curves. A scientist requests often to get the math-
ematical function of some values or curve. To 
achieve a result for such problems generally requires 
obtaining the solution to a system of equations. In-
deed, determining the solution is fundamental, be-
cause what generally provides the practical mean-
ing to the mathematics is the solution and its in-
terpretation. Potential applications of interactive 
evolution of mathematical functions include simu-
lation systems, realization of electronic components 
and complex system. 

Interactive evolution is a powerful method that 
combines the strength of evolutionary optimization 
and the judgment of a human user. It uses the 
judgment of a human user to supply the fitness or 
objective function in a genetic search. Most ap-
proaches to interactive evolution take advantage of 
the human capability to instantly grasp the useful-
ness of graphical functions. 

Genotype and Phenotype 
Notice that, in the case of the application discussed 
here, genotypes are symbolic expressions and real 
values. The phenotype is the realized behavior ob-
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tained by the individual itself, i.e., the product of 
an interpretation of the underlying genotypic rep-
resentation. Here, the phenotype is the resulting 
function graph on the screen. 

y 

X 

Fig. 1: An example of the phenotype gen-
otype, the genotype is the sym-
bolic expression and the phenotype 
is the curve itself 

4. Evolving Mathematical Functions 

Interactive Evolution presents to both the scient-
ist a new technique to develop and extrapolate 
mathematical functions of physical systems through 
applying evolutionary operators, such as mutation 
and recombination. 

4.1. The Algorithm 

Let us begin by describing the algorithms of inter-
active evolution of mathematical functions: 
A top-level description of interactive evolution is as 
follows: 

Step 1: drawing some curves or give some 
data values 
Start with an initial time T := 0; 
Initialize an initial population P (0) 
of models M, that are curves C, 
from the library. 
Compute the fitness function F(Ci) 
for each object ci. 

Step 2: Apply the selection with the interactive 
or/and automatical 
system by selecting the best 
parents for offspring production. 

Step 3: Select pairs of objects and apply 
recombination and/or mutation 
Create new generation of models 
by mating current models; 

Step 4: Compute the fitness function F(C1i) 
for each object q. 

step 5: Increase the time counter; set T: = T + 1 
repeat until you get the best 
mathematical function 
solution. 
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4.2. Simulated models 

In order to understand the class of models we 
evolve, we first characterize our notion of models. 
In this framework, it is possible to evolve many 
different sorts of models. Models can be defined 
as graphical models (Graf et. al. 1995a), functions, 
curves, or programs, such as objected oriented lan-
guages (Graf et. al. 1996). 
A simulation involves variations of many possible 
sorts of real-world processes. In order to consider 
it scientifically, we often have to entertain a set of 
suppositions. These suppositions can take the form 
of a model, which takes the form of mathematical 
or logical relationships regarding the system of in-
terest. A physical system is therefore specified to be 
a grouping of entities, e.g., objects, which interact 
with some dynamics and share common principles 
of organization and behavior. 

A model is defined as a representation of a system. 
There are different types of models, w.hich may be 
static or dynamic, deterministic or stochastic, dis-
crete or continuous. A Model of a physical system 
may be described with the use of mathematical 
methods, such as probability theory, algebra or cal-
culus. Nevertheless, most real-world systems are 
too complex to facilitate analytic models. Hence, 
it is necessary to use simulations to examine the 
properties of such systems. 

There are advantages and disatvantages to evolving 
models 

Employing evolutionary operators in the simu-
lation of models has a number of advantages; these 
include: 

• With a simulated model, we can preserve 
greater control over experimental conditions 
than would be possible with the system itself. 

• Most real-world systems with stochastic ele-
ments cannot be correctly described by an 
analytic model. Therefore the only available 
method is by simulated models. 

• System design can be analyzed via simulated 
models. 

Evolving simulated models is not without liabilities. 
In particular, there are some disatvantages: 

• Simulated models are often expensive m 
terms of man-hour development. 

• Simulations often require a large amount of 
computer resources and run time. 
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Fig. 2: Box diagrams of functions. 

Fig. 3: Black box model. 

In this paper, however, we restrict our work to 
a specific category of mathematical model, models 
of functions. The concept of function has become 
central to mathematics. A function is considered a 
mapping between evidence values and results val-
ues. This mapping must relate at most one result 
value, output, for each possible evidence value, in-
put. A function can be represented intensionally by 
a concept describing the relationship or association, 
or extensionally as a representation of associated 
pairs of the structure called the graph of the func-
tion. 
There is two main problems to solve in this pa-
per, first the problem of overfitting in mathemat-
ical curves and second the problem of optimizing 
mathematical functions for a determined curve. 

Regression Problem 
By incorperating the interactive selection step into 
evolving of mathematical functions, the common 
problem of overfitting of data points can be avoided, 
thus facilitating an efficient search for an optimal 
symbolic expression. The strengths of the inter-
active approach to symbolic regression are demon-
strated by applying the algorithm to a number of 
test cases. 

Given a number N of input-output pairs 
(Xl,Yl), ... ,(XN,YN), the task is to evolve a 
symbolic expression for the mathematical function 
g : ~ --+ ~ which minimizes 

N 

fN(g) = ~~)Y;- g(X;)) 2 (1) 
i=l 

Because of the limited number N of data points, 
evolving mathematical functions might find an ap-
proximate solution to the optimization problem 
!N --+ min , but depending on the set of functions 
that are provided to generate candidate solutions, 
the problem of overfitting might occur, i.e., the be-
havior of g(X) for X; < X < X;+l might be more 
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complex than desired. To solve this problem we can 
use interactive evolution, where the user interrupts, 
and guides the evolution process by biasing the se-
lection of function graphs according to the quality 
of the fit and the degree of overfitting. 

Basically, an existing system is used, substituting 
the selection operator by a software component 
which visualizes the genotypes and allows the user 
to perform selection interactively. 

4.3. Optimization Problem 

The principle idea of using a simulated evolutionary 
process is for the purpose of solving an optimization 
problem, where the goal is to find a collection of 
parameters such that a particular property rule is 
maximized or minimized. Problems of this type 
have an enormous significance in many fields of 
area of application, such as research and industrial 
production. 
The main goal of the global optimization problem is 
summarized in the following definition: 

Given a function, f : M ~ Rn ~ R, 

M -=f. 0, for X* E M 

the value f* := f(i*) > -oo 
is called a global minimum, 

ViE M : f(i*) :::; f(x) . (2) 

Then, i* is a global minimum point, f is called ob-
jective function, and the set M is called the feasible 
region. The problem of determining a global min-
imum point is called the global optimization prob-
lem. 

To reach a result for a real problem generally in-
volves obtaining the solution to a system of equa-
tions. In fact, specifying the solution is primary 
because what generally supplies the useful meaning 
to the mathematics is the solution and its interpret-
ation. 

Evolutionary algorithms can treat the optimization 
problem as a black box. That is, in order to obtain 
a solution only minimal assumptions need be made 
regarding the functional form of the objective func-
tion. 
In oder to solve the optimization problem, we can 
either try to gain more knowledge or exploit what 
we already know about the interior of the black box. 
If the objective function turns out to be smooth and 
differentiable, analytical methods will produce the 
exact solution. 
On computation, polyeder strategy, pattern search, 
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and rotating coordinate search should also be men-
tioned here because they exemplify robust non-
linear optimization algorithms (Schwefel 81). 
Distributing with technical optimization problems, 
one will rarely be able to write down the objective 
function in a closed form. We often need a simula-
tion model in order to understand reality. 

As we show, incorporating the user into the evolu-
tionary framework helps to overcome some of these 
disadvantages by allowing the user's preferences to 
delimit the search involved and to direct the process 
of simulation evolution. 

5. Variation Process of Evolving 
Mathematical Functions 

To evolve any model, it is important to define it 
and to specify how the variation operator can be 
applied to it. 

Variation 

Any model is constituted of curves, which define 
it. And these curves are constituted of parts. In 
a population, we have many individuals, and every 
part in an individual corresponds to another part 
in another curve, in the domain area of the ( x, y, z) 
coordinates system. In the recombination or muta-
tion operator (Graf et.all995), a point corresponds 
to another point in some other model to specify, we 
desribe: 

Any curve can be represented as a sequence of 
points or vertices, with each vertex consisting of an 
ordered pair of numbers (x, y, z), its coordinates. 
This constitutes the challenge to find appropriate 
operators for the generation of new variants of an 
existing curve, because structural or functional con-
servation of the curve's content is of utmost import-
ance in applications. 

In some cases it is easy to describe a curve 
with a mathematical function, if this curve is lin-
ear. Whith the help of approximation, many linear 
curves are possible to describe. Here we are in-
terested to describing and solving non-linear and 
complex curves. Therefore we use hopmotopy prin-
ciples in addition to interactive evolution. 

5.1. The homotopy principle 

One of our goals is to find a point x = (x1, ... , xn) 
that solves nonlinear systems. To accomplish this 
is in one formulation to start with another system 
of equations to which we already know the solution. 
Normally, this is a simple system that has an obvi-
ous solution. We then take this simple system and 
mathematically change it into the original system. 
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This changing, bending or twisting notion underlies 
a mathematical concept, called homotopy (Garcia 
and Zangwill1981). 

While bending the system we prudently control the 
solution, as it also bends from the obvious solution 
into the solution we search. Carefully using this 
concept, we can solve the initial, given problem. 
In fact, homotopies will permit us to solve an im-
pressive range of problems, possibly more than any 
other competitive method known. 
Therefore in interactive evolution we have to have 
a standard data of solved nonlinear equations. 

5.2. Library 

The library contains designated curves and their 
mathematical functions. In this way we can use 
different mathematical functions with their corres-
pondant curves in the evolutionary process. 

Recombination 
In simulated evolution, one approach is to consider 
a curved object as a set of points. Then, the process 
of mutation and expansion can be systematically 
implemented using the concept of geometric trans-
formations. Each point can be defined using three 
coordinates, x, y and z. 
A transformation is determined by defining new 
variables, x', y' and z', as functions of x, y and z. 
A geometric transformation can often be considered 
as a general change, independent of the special ob-
ject to which it is then applied. 

Transformations are important tools in evolving 2-
and 3-dimensional curves. The (x, y) and (x, y, z)-
coordinates might have been processed by linear 
functions which left them unchanged, stretched or 
compressed. The central idea behind recombina-
tion is based on transformation and exchanging ge-
netic information. The methods for evolving curve 
models are based on distributive data interpolation 
and extrapolation. The methods use corresponding 
points in the curves to be interpolated. Interactive 
evolution techniques which can be used for object 
metamorphosis include solid deformations. In such 
a case, the 2-D or 3-D model of the first curve 
is transformed in order to assume the ~hape and 
properties of the second curve, and the resulting 
animation is recorded. The interactive evolution 
process helps us to construct bodies with varying 
structures, which are potentially real shapes from 
nature. 
C(X) = Ct(Xt) + C2(X2) + ... 

The recombination operator deletes or adds parts 
to get a mathematical function of the original curve. 
For curve in non-linear domain can be solved with 
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the piecewise principle, that is the entire .· domain 
of the curve is divided into subsets, parts, and on 
each subset the function is defined differently. after 
getting piecewise solutions we try to fit them in 
curves of the library with help of the recombination 
operator. 

Mutation 
Mutation is commonly considered to be a local op-
eration that does not radically change the resulting 
phenotype. In order to provide this part in the func-
tion or curve evolution, we use a very small number 
of parts in the curve for the mutation. Second, 
a mutation mutx modifies the form of a part Ci 

from the curve. Each of the offspring solutions are 
mutated according to a distribution of mutation 
types, ranging from minor to extreme with a con-
tinuum of mutation types in between. The severity 
of mutation is judged on the basis of the functional 
change imposed on the parents. 

The description of mmutx is given as follows: 

Local mutation operator: mutx : 
mutx(c.,) := (c~) 
With, C~ = (cl., 1 ••• , Ci-1., 1 Ci.,

1 
1 Ci+l., 1 • • ·, Cn.,) 

and c; := (Xt, .. . ,XnJ, 
with X values of points of the parts of the curves. 
ni EN 
iEU{l, ... ,c} 
iJ.,/ = (X't. . . . ,X'n;), X/= Xi+ Zi 
j := {1, ... ,ni} 
Z; ..... N(O, u 2 I) 

6. J ardin Curve Program 

Jardin-curve is a interactive evolution program, 
that allows the evolution of curves and mathem-
atical functions, and runs under the X Window 
System. Jardin-curve loads and saves curves pop-
ulations. It provides facilities to store points in 
curves, to transform curves, to load new values and 
to apply the evolutionary process. Mathematical 
functions are inherited from generation to gener-
ation, and a human user can interrupt and select 
new generations of mathematical curves. This pro-
cess is repeated until a favourite individual in the 
population is generated. 

Follows is a description of the J ardin-curve pro-
gram: 

• first, the user is able to draw in the program 
any curves and/or give real values data. 

• this system is able to recognize the function 
of this curve, while its able to recombine and 
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mutate some curve from the library. This 
variation will repeat until the reachness of the 
original curve and attain the mathematical 
functions of this curve. 

• If the result curves does not fit the objective 
function of the user, then the user is able to 
play a role in the evolutionary process, the 
user is able to select some curves to avoid 
overfitting in regression problem. 

Often there is non-linear or/and complex curves 
such as the following figure, to solve complex curves 
we use this system: 

lmilgil\ilrAxis Cl 

Cl 

Fig. 4: An example of a complex curve, 
which the user has entered into the 
program, Jardin-curve. 

This integral the complex function is w = f( z) 
along the curve C the complex z-plain as if integ-
ration way with a as beginning point and b the 
endpoint the integration is the complex number: 

·1b f(z)dz = 

liiDma:riz.-z.-d L~=lf(Cv)(zv- Zv-1(3) 
Under the circumstances that the limit exist, 

and neither depends from the choice of n + 1 the 
dissection points a = z0 , b = z1 , ... , Zn the curve 
C, nor from the choice of the intersection points 

1b f(z)dz = 1b [u(x, y) + iv(x, y)]d(x + iy) (4) 

1b f(z)dz = 1b u(x, y)dx- v(x, y)dy 

+ i J: v(x, y)dx + u(x, y)dy(5) 

If we decompose the integral in equation (3) of the 
integral f(z) and z in the real and imaginary part, 
so that the reconstruction of the integral from two 
real curves integral is visualized. 
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Fig. 5: An example of some curves, which 
the user has entered into the pro-
gram, Jardin-curve. 

Fig. 6: This figure shows the next gener-
ation of curves after Jardin-curve 
has applied the recombination op-
erator. 

'J~' :A~• noM .,., ........... . 
• ~~·~·,. ·=~ :.c:•re·' ,,. •• :..e: .. ): ') ~ -· • 

c ................... ---. ... ~··::::::::::::·~::-:·.:.:;:;,::·::·:::·:~~-··-········· ............. . 

........ .,. 
·., ___ " ··, . .... 

'. 

Fig. 7: Jardin-curve extracts the under-
lying mathematical function for 
some descendents of the user's 
curves. 

6.1. Summary 

Interactive Evolution possesses a number of import-
ant principles that make it a powerful approach to 
physical simulation and design. Unlike many evol-
utionary approaches, interactive evolution involves 
the user into the selection process. This allows the 
user to direct the evolution process, and so provides 
a highly flexible and responsive development en-
vironment, providing for both the inclusion of the 
user's preferences and the power of evolutionary 
operators to generate novel variants for the user's 
perusal. 

One of the most natural domains for such an en-
vironment is that of visual forms since these provide 
an immediate feedback to the user in the form of 
computer graphics. And, since computer graphics 
have a well established underlying mathematical 
form, this also readily provides the formal objects 
for evolution operators. In this paper, we illus-
trated this potential through the program J ardin-
curve, which finds the underlying mathematical 
function for a user-defined curve or dataset and 
presents the user with variants of that underlying 
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representation. Through this interactive process, 
the user may explore a novel design s"pace that is 
nonetheless constrained by the user's preference. 
This interactive evolution of mathematical func-
tions system has the potential for a large number 
of application areas: such as interactive plotting in 
business and statistic, electronic publishing, simu-
lation for scientific visualisation, etc. Our interact-
ive sim~lations have shown that interesting results 
can be achieved even with small population sizes 
and only few generations. This makes the system 
applicable to rapid mathematical design and proto-
typing, in a variety of application areas. 
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Recursive Laplacian of Gaussian Filtering for Edge Detection in Image Processing 
Yan Gao 
The University of New South Wales 
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The Laplacian of Gaussian operator is one of the most widely used operators in edge detection. However, 
current implementations of the operator have a time-consuming nature. The running time depends on the size 
of the filter. This thesis presents a recursive scheme for implementing Laplacian of Gaussian filter. It is very 
efficient and solves the problems in the current implementations. 

Taking advantage of the separability of Gaussian functions, we decompose a two-dimensional Laplacian of 
Gaussian functions into several one-dimensional filters. We use a ratio of two polynomials to approximate z-
transforms of the filters and implement the filters in a recursive structure. 

The key issue in the approach is to determine the structure of the recursive filters. This is done by selecting the 
proper poles of transfer functions in the z-domain. The computational complexity of recursive filtering 
depends on the number of poles and zeros of the transfer function, i.e., on the structure of the recursive filter. 
It is independent of the size of the filter, and thus has a substantial saving in computation. 

We also propose a general method to obtain coefficients of transfer functions in designing recursive filters. 
Comparing with Deriche's filtering and non-recursive Laplacian of Gaussian filtering, the scheme of recursive 
LoG filtering is superior. 
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PhD 
Algorithms for Assembling Genomic Restriction Maps 
Darren Platt 
Monash University 
Computer Science 

Genomic restriction maps are constructed as an intermediate stage in the physical genetic mapping of DNA for 
complex organisms. The problem arises because only small extracts called clones can be comfortably mapped 
in detail. To construct a genomicrestriction map, large numbers of clones are collected and fingerprinted 
through digestion with a restriction enzyme. The map is constructed by identifying clones that are from 
overlapping regions in the DNA. The consensus map derived from these overlaps determines the position of 
each clone along the DNA. Data obtained through the detailed mapping of individual clones can then be 
assembled into a detailed map of the entire DNA of the organism. 

This thesis considers the problem of assembling genomic restriction maps from the clone fingerprint data. 

A framework is developed for statistically modelling the experimental data. In addition to modelling 
restriction mapping data, the model is able to use ancillary data from hybridization and sequence tagged site 
experiments. 

Map assembly is divided into three stages. In the first stage, a measure of overlap for each pair of clones is 
calculated, based on the model developed for the entire map. The overlap measure incorporates restriction 
digest data, as well as hybridization and STS data. Results are presented using simulated restriction digestion 
data. 

In the second stage of mapping, the clones are ordered into an approximate sequence along the DNA, using 
the values calculated in the first stage of mapping. The problem is represented in terms of matrix optimization 
and a number of objective functions are investigated in conjunction with simulated annealing. A greedy 
algorithm is shown to produce better results than any of the simulated annealing based methods. 

In the third stage of mapping, a complete map is constructed using the clone order generated by stage two. 
Two greedy algorithms are shown to perform this task unsatisfactorily. A stochastic representation is 
developed for the data, and a relaxation-based optimization scheme is used to generate possible maps. 
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The optimization is guided by the statistical model developed in the first part of the thesis. An algorithm is 
presented that produces a canonical map from the stochastic representation. 

The digestion of a clone with a restriction enzyme typically produces two artefactual end fragments that do not 
correspond to restriction fragments in the original genome. Ensuring that the end fragments in the map meet 
the necessary size constraints is particularly challenging, and a recursive search is developed that can test these 
constraints. Experience with this stage of mapping suggests that small problems of about 20 clones can be 
handled. A number of improvements to the algorithms and optimization procedures are suggested that 
should make larger problems tractable using fingerprint data alone. 
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Masters of Computing 
Lossless Colour Image Compression 
Paul Law 
Monash University 
Computer Science 

Image compression is concerned with minimisation of the number of information carrying units used to 
represent an image. Image compression methods are broadly classified into lossless (reversible) and lossy 
(irreversible). This thesis concentrates on lossless schemes only because it is primarily interested in modelling 
the data accurately. 

The main aim of this thesis is to generalise the technique used for compressing the greyscale images losslessly 
to colour images. In addition, it also tries to exploit the properties specific to colour images to achieve better 
colour image compression. 

For typical images, the values of adjacent pixels are highly correlated. This property is exploited in predictive 
coding techniques where an attempt is made to predict the value of a given pixel based on the values of the 
surrounding pixels. Using these techniques, the choice of predictor will definitely affect the efficiency of image 
compression. This thesis seeks to investigate which predictors are best suited for colour image compression. 

A very common colour image format is 24-bit RGB where each pixel consists of three 8-bit colour components. 
By treating colour images as three separate grey-scale images, the techniques of lossless image compression for 
grey-scale images can be easily generalised to colour images. In particular, this thesis concentrates on DPCM 
techniques which use predictor formulas and context coding. To exploit spectral redundancy which is due to 
the correlation between different colour bands, the predictors have been extended to included the 
neighbouring pixels from other colour bands as well. These predictors are called interband predictors. 

The amount of compression can be further improved by exploiting the intersymbol dependencies of image 
data sequences. To encode each pixel, the values in its previously encoded neighbours are looked at and used 
as a conditioning state or context. For each context, the statistics on the probability of the value of the pixel to 
be encoded are collected and these probabilities are used to drive an arithmetic encoder. This method is 
incorporated into the colour image compression method to improve compression further. Similarly, just as the 
pixel from neighbouring bands can be included in the designing of interband predictors, it can also be used as 
the context for colour image compression. By doing so, this thesis has extended the context coding method 
from two dimensions to three dimensions. 

This thesis does not try to come out with the best lossless colour compression technique. It tries to understand 
the properties of colour images and use those properties to incorporate into the problem of colour image 
compression. The compression achieved in this thesis is as good or sometimes even better than some other 
colour image compression techniques available. One benefit of this work is that it can be extended to lossy 
image compression and other image processing activities. 
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The Finite Wordlength Analysis of a Cascade Second Order Filter Section Based Upon a First Order 
All-Pass Transfer Function with Complex Coefficients 
D. L. Maskell 
fames Cook University 
Department of Electrical and Computer Engineering 

This thesis investigates the product quantisation (roundoff noise), coefficient sensitivity and hardware 
implementation of a cascade second order filter structure based upon a first order all-pass transfer function 
with complex coefficients. The combination of a cascade realisation, which ensures low stopband sensitivity, 
and the parallel connection of all-pass sections, which exhibits low passband sensitivity, results in a filter 
structure which has very good product quantisation and coefficient sensitivity properties. The structure is also 
free ·from overflow oscillations. 

The structure investigated is proposed as an alternative to other commonly used filter structures in Digital 
Signal Processing (DSP) and Digital Control applications. For DSP applications where speed and data 
throughout are important considerations, this structure is proposed as an alternative to the cascade direct form 
structure because of its vastly superior finite wordlength characteristics at the expense of only a relatively 
small increase in the hardware complexity. The multiplier intensive optimal (roundoff noise) state space 
realisations could be replaced in digital control applications where the finite wordlength characteristics are 
able to be relaxed slightly, resulting in a very significant reduction in the required hardware. 

Recommendations for various hardware implementations in bit-serial, serial-parallel, and parallel 
architectures are made based upon the comparison of the results of the product quantisation and coefficient 
sensitivity analysis. A practical filter implementation which forms part of a digital communications interface 
for power systems protection is presented. 
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PhD 
Artificial Neural Networks with Function Point Analysis for Software Development Effort 
Estimation 
Gerhard E. Wittig 
Bond University 
School of Information Technology 

Reliable prediction of systems size and development effort is a necessary prerequisite to effective project 
planning and control. Using artificial neural networks this thesis extends recent research in software 
development effort estimation. 

The artificial neural network issues of network architecture and topology, various parameter settings and 
scaling techniques, and the problems of generalisation and overfitting are addressed in the development of 
effort estimation models. Generally cascade networks with their ability to dynamically develop the near 
optimum network topology are used. 

Limitations of project data were identified and the model development and analyses were conducted within 
these constraints. A large set of simulated project data was developed to overcome the problem of limited 
observations. Cascade networks were assessed for their ability to accurately estimate development effort by 
modelling several development attributes which were responsible for a large range in development 
productivity. The effect on estimation accuracy of different size measures, as well as the inclusion of various 
development attributes is also tested on smaller datasets. 
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The ability of neural networks to accurately estimate development effort using the Australian Software Metrics 
Association project data was assessed. The effect of the inclusion of several cost drivers into the neural 
network model for improved estimation accuracy is demonstrated. 
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PhD 
Delayed Viewport Mapping and Priority Rendering for a Virtual Reality Display System 
Matthew James Patrick Regan 
Monash University 
Department of Computer Science 

Maintaining the illusion of immersion in a synthetic environment with the use of computer graphics systems is 
cited by the High Performance Computing and Communications (HPCC) Grand Challenge program as one of 
the Grand Challenges in Computing [Durlach and Mavor 1994]. The two main problems faced by a computer 
graphics system in achieving this goal are high latency and lack of sufficient realism. The work contained in 
this dissertation addresses both of these problems, and forms the basis for a patent lodged by Monash 
University. 

The concept of Delayed Viewport Mapping, and its implementation, the Address Recalculation Pipeline, 
reduced the image generation component of rotational latency to approximately 1 microsecond, independent 
of scene complexity. The resulting worst case end-to-end rotational latency for a system using an Address 
Recalculation Pipeline, including to is approximately 18 milliseconds and the average latency is 10 
milliseconds. This compares well with the human Vestibulo-ocular and Optokinetic reflexes which have a 
response time of 14 milliseconds. An Address Recalculation Pipeline has been built and is currently working 
at Monash University. 

When Delayed Viewport Mapping is used with image composition, the new technique of Priority Rendering 
may be employed. Priority Rendering allows different objects in the scene to be rendered at different rates. If 
the image of an object has not changed, there is no need to re-render it. An analysis of Priority Rendering 
indicates significant reductions in the rendering load are possible and that the reduction in load is dependent 
on some characteristics of the virtual world. A simple simulated virtual world verifies the analysis. 
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PhD 
Sentence Analysis and Generation: A Systemic Perspective 
Michael J. O'Donnell 
University of Sydney 
Department of Linguistics 

Abstract: The thesis describes a computational system for the analysis and generation of sentences using 
Systemic-Functional Linguistics (SFL). It represents the first description of a bi-directional system using 
Systemic grammar. Bi-directional systems are rare regardless of the formalism used, and are usually restricted 
to grammatical processing only, while the present system analyses to and generates from a semantic 
representation. The thesis is structured in two parts: 

Part A discusses the Systemic resources used for linguistic representations (the 'grammar' of a language). The 
sentence is modeled tri-stratally: in terms of semantics (ideational, interactional and textual semantics), lexico-
grammar, and graphology. The mapping between these strata is also described. A Systemic-Functional 
framework is used. 

Part B describes the processes which use these resources, focusing on single-sentence analysis and generation. 
Theoretical issues in sentence processing are raised, with particular focus on their application to 
processing with a Systemic grammar. 
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Novel contribution has also been made in several specific areas, particularly in regards to Systemic parsing and 
generation on the process side, and inter-strata! mapping on the resource side. These contributions are 
discussed in the relevant sections. 

The discussion is based on my implementation of a sentence analysis and generation system, called the WAG 
system-- Workbench for Analysis and Generation. 
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PhD 
Managing Complex Objects 
Gerard Ellis 
University of Queensland 
Department of Computer Science 

Todays computers are good at finding things in memory by name or address, but they are relatively poor at 
finding things by description or structure. Indexing on names and values within computers is well 
understood, however research into indexing on description, structure, and meaning is in a relatively early 
stage. This thesis addresses the problem of domain-independent methods for organising and retrieving 
arbitrarily complex information. Domains of complex objects which can be managed by the methods 
described in this thesis include chemicals, CAD designs, images, program specifications, conceptual schema, 
bibliographies, natural language texts, and logical formulas. 

Indexing methods such as decision trees, decision graphs, and discrimination networks are designed for terms 
consisting of sets of attribute-value pairs with some simple (functional) structural relationships between pairs. 
They are not useful for capturing more complex structural relationships. Our methods are domain and 
representation independent, instead indexing on some partial order defined over the object domain. 

As the basis of our approach we have implemented a partially ordered set (or hierarchy) abstract data type. A 
database of objects are arranged in a hierarchy based on some partial ordering over the objects. A fundamental 
object hierarchy operation is classifying an object into the hierarchy. That is, find the closest objects which 
subsume the object or are subsumed by the object. This is the address of the object in the object hierarchy. An 
object hierarchy is a contents addressable memory where the objects are the addresses. The number of object 
comparisons needed to classify an object into the hierarchy is in some sense independent of the object domain. 
The number of comparisons is affected by the shape of the hierarchy, that is, the ordering over the database of 
objects. 

We give new methods for several orthogonal aspects of storage and retrieval in object hierarchies and improve 
on the implementation of existing classification techniques. Methods are given for managing object hierarchies 
such as inserting objects, testing for object membership; and operations on pairs of hierarchies such as 
matching, merging and generalising. New algorithms are given which prune object comparisons in some 
domains. New efficient methods are described for implementing type lattice operations. A method of typing 
graphic structure is given which can be used as a filter on object comparison. New methods are given for 
compressing and compiling objects in hierarchies by replacing objects with formation rules applied to 
subobjects. For each of these methods we illustrate their efficiency on four benchmark orders: chains, decision 
trees, term lattices and boolean lattices; and on hierarchies of chess graphs in our conceptual graph database 
implementation Peirce. 

We illustrate these methods by using an order-sorted first-order logic: conceptual graphs, but they equally 
apply to other knowledge representations. The methods described here comprise a comprehensive approach 
to domain independent complex object storage and retrieval. 
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Degree: 
Title: 
Author: 
Institution: 
Department: 

PhD 
CHURPs: Compressed Heuristic Universal Reaction Planners 
David Stirling 
University of Sydney 
Machine Learning Group 

It is argued in this thesis that the intelligent skills developed by humans to manage dynamic, multi-variant and 
multi-objective control problems are made up of two principal parts. The first is a shallow knowledge base of 
appropriate assignments between the several control inputs and goal outputs of the process or artifact. The 
second component is the employment of fundamental feedback regulation or tracking between each assigned 
control input and the target of its associated output goal. It is suggested that this behaviour is enabled and 
facilitated by the human body's own servo-motor-control mechanism. It is asserted that these skills are 
essentially shaped by the domain in question, and that they can be derived from a model of that domain. By 
forming an influence matrix detailing the range of control input and goal output relationships, a series of 
sequential and cyclic controller-goal assignments are formed for an exhaustive range of control situations. 
These are produced through a heuristic based Control Plan Generator (CPG) algorithm which seeks to hasten 
the acquisition of all goal targets whilst minimising the various side effect interactions. The numerous CPG 
plans are further transformed and compressed through inductive learning to form a set of autonomous 
management units, one for each control input and/ or each goal output. These Compressed Heuristic 
Universal Reaction Planners (CHURPs) collectively orchestrate a range of controller-goal assignments in 
response to the perceived state of the domain relative to its objectives. The reactive behaviour of the controller-
goal assignments (or CHURP foci) appear to form realistic control strategies. Further, the surface level 
knowledge forming each CHURP is clearly comprehensible by humans such that it could be absorbed or 
communicated to others. The control performance of CHURPs are compared with two alternative optimal 
control techniques on a complex and dynamic domain, MIM0-53. They are further contrasted with 
''behavioural cloning", an alternative approach for formalising human control skills, in Sammut's flight control 
domain. 
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Conference (ACSC'96) 

Conference date: 29 January- 2 February 1996 
Venue: Melbourne, Australia 

Deadlines: 
Paper submission 
Notification of acceptance 
Final version due 

Further information: 
ACSC'96 

15 August 1995 
1 November 1995 

24 November 1995 

Department of Computer Science 
University of Melbourne 
Parkville, VIC 3052, Australia 
email: acsc96@cs.mu.oz.au 
URL: http:/ /www.cs.mu.oz.au/conferences96/ 

7th Australasian Database Conference 
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Conference date: 29-30 January 1996 
Venue: Melbourne, Australia 

Deadlines: 
Paper submission 
Notification of acceptance 
Final version due 
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Department of Computing & Information Tech 
Griffith University 
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Paper submission 
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Department of Computer Science 
University of Newcastle, University Drive 
Callaghan, NSW 2308 
Australia 
email: cats96@cs.mu.oz.au 
URL: http:/ /www.cs.mu.oz.au/conferences96/ 
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PCS '96 Picture Coding Symposium 

Conference date: 13-15 March 1996 

Venue: Melbourne, Australia 

Further information: 

Margaret Keegel 
Office of Continuing Education 
Monash University 
Wellington Road 
Clayton VIC 3168 
Australia 
email: margaret.keegel @adm.monash.edu.au 

The 7th International Workshop on 
Packet Video 

Conference date: 18-19 March 1996 
Venue: Brisbane, Australia 

Further information: 

Margaret Keegel 
Office of Continuing Education 
Monash University 
Wellington Road 
Clayton VIC 3168 
Australia 
email: margaret.keegel @adm.monash.edu.au 

IEEE Intelligent Network Workshop, 
IN'96 

Conference date: 21-24 April1996 
Venue: Melbourne, Australia 

Further information: 

Jackie Langdon 
P.O. Box 2151 
Oakleigh 
VIC 3166 
Australia 
email: Jackie.Langdon.0182592@NT.COM 
URL: http:/ /www.citri.edu.au/serc/IN 96/ 
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1996 IEEE International Conference 
on 

Evolutionary Computation ( 
ICEC'96) 

Conference date: 20-22 May 1996 

Venue: Nagoya, Japan 

Further information: 
Toshio Fukuda 
Deparhnent of Micro System Engineering & 
Deparhnent of Mechano-Informatics & Systems 
Nagoya University 
Furo-cho, Chikusa-ku, Nagoya 464-01 
JAPAN 
email: fukuda@m.ein.nagoya-u.ac.jp 

APCHI'96 First Asia Pacific Conference 
on Human Computer Interaction 

Conference date: 26-28 June 1996 
Venue: Singapore, Singapore 

Deadlines: 
Paper submission 
Notification of acceptance 
Final version due 

Further information: 

23 February 1996 
12 April1996 
17May 1996 

APCHI'96, HCI Technology Group 
Information Technology Institute 
11 Science Park Road 
Singapore Science Park II 
Singapore 117685 
email: apchi96@iti.gov.sg 
URL: 
http:/ /www.iti.gov.sg/ iti_info/ event/ conferen 
ce/hci/ ar chi96.html 
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4th International Conference on 
Conceptual Structures 

(ICCS'96) 

Conference date: 19-22 August 1996 
Venue: Sydney, Australia 

Deadlines: 
Paper submission 
Notification of acceptance 
Final version due 

Further information: 
ICCS'96 

15 January 1996 
23 February 1996 

12 April1996 

Department of Computer Science 
The University of Adelaide 
Adelaide SA 5005 Australia 
email: iccs96@cs.adelaide.edu.au 

The Pacific Rim International Conferences 
on Artificial Intelligence (PRICAI'96) 

Conference date: 26-30 August 1996 
Venue: Cairns, Australia 

Deadlines: 
Paper submission 
Notification of acceptance 
Final version due 

Further information: 

Pro£ Norman Foo 

15 January 1996 
25 March 1996 

06May 1996 

Knowledge Systems Group 
Deparhnent of Computer Science 
University of Sydney 
Sydney NSW 2006 Australia 
email: norman@cs.su.oz.au 
http:/ /www.cit.gu.edu.au/research/groups/ai 
/ pricai96/ 
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Calendar 

Seventh International Network Planning 
Symposium Networks '96 

Conference date: 24-29 November 1996 
Venue: Sydney, Australia 

Deadlines: 
Paper submission 
Notification of acceptance 
Final version due 

Further information: 

or 

JimHair 
Tel: +61 3 9634 6420 
Fax: +61 3 9634 4554 

Joa.nne Alderman 
Tel: +613 9370 6470 
Fax: +61 3 9370 6452 

31 October 1995 
29 February 1996 
6 September 1996 

1996 IEEE International Conference on 
Semiconductor Electronics (ICSE'96) 

Conference date: 26-28 November 1996 
Venue: Penang, Malaysia 

Deadlines: 
Paper submission 
Notification of acceptance 
Final version due 

Further information: 

Dr Burhanuddin Yeop Majlis 
Conference Chair, ICSE'96 

1 February 1996 
1 March 1996 

1 May 1996 

Department of Electrical, Electronic & System 
Engineering 
University Kebangsaan 
43600 Bangi 
Malaysia 
email: burhan@eng.ukm.my 

Submission of calendar entries 

1996 IEEE Region 10 Conference 
(TENCON'96) 

Conference date: 27.:. 29 November 1996 
Venue: Perth, Australia 

Deadlines: 
Paper submission 
Notification of acceptance 
Final version due 

Further information: 

10May1996 
05 July 1996 

23 August 1996 

TENCON'96 Conference Management 
Dept. of Electrical & Electronic Engineering 
The University of Western Australia 
Crawley SA 6907 
Australia 
tel: +61 9 380 1969 
fax: +61 9 380 1101 
email: tencon96@ee. uwa.edu.au 

Calendar entries are published free of charge. Information about conferences, including full name, dates 
(submission dates, notification of acceptance, final version and the actual event dates) together with the contact 
address should be sent to Dr. Dorota Kieronska, Department of Computer Science, Curtin University of 
Technology, Bentley WA 6102, Australia, tel: 09 351 7669, fax: 09 351 2819, email: dorota@cs.curtin.edu.au, 
preferably as plain text files. 
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The suggested areas of interest 
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VLSI for Signal Processing 
Architectures and VLSI hardware 
Algorithms and application 
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Programmable signal processors 
Testing and fault tolerance 
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Digital Signal Processing 
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Fast algorithms 
Signal reconstruction 
Adaptive filtering 
Nonlinear signal and systems 
Time-frequency analysis 
Signal Processing Applications 
System design methods 
Hardware, software, trade-offs 
and integration 
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Australian Journal of Intelligent Information Processing Systems (AJIIPS) is published quarterly. The aim of 
AJIIPS is to publish papers describing theory, methods and techniques, applications and tutorial presentations 
in a range of areas relating to computer engineering and computer science. AJIIPS publishes full papers, short 
notes and survey articles. Specific areas include but are not limited to: Artificial Intelligence, Artificial Neural 
Networks, Computer Science, Fuzzy System and Virtual Reality. 

All submitted papers will be thoroughly reviewed by three international reviewers. Decision as to the 
suitability of the paper will be made by the Editor in Charge on the basis of the reviewers' comments. 

Papers should be clearly presented, consistent with giving proper description of the primary contribution. 
Theory papers should be based on clear, formal foundations; methods and techniques papers should indicate 
the novelty and advantage of the technique; application papers should present appropriate results and 
evaluation of performance; tutorial papers should be clearly presented to a reader with a general background 
in all areas of interest but no prior background in the specific topic. 

Submission of technical papers 

Manuscripts must be written in English. The papers should be original work, not appearing in any other 
journal, although extended versions of conference papers may be considered. The authors are expected to 
obtain all relevant copyright releases for any copyrighted material included in their paper. The authors have 
to transfer copyright to their articles to AJIIPS when the articles are accepted for publication. 
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including email address, manuscript's title and the abstract. Authors' names and affiliations should not appear 
on the manuscript. Submissions by more than one author should indicate the author to whom the 
correspondence will be addressed. Each paper must start with an abstract, no more than 200 words, that 
summarises its content Immediately following the abstract no more than 5 key words should be supplied for 
subject indexing. The key words should represent the content of the whole article and be characteristic of the 
terminology used within the particular field of study. 

There will be no page charges for published papers. The author will receive two complimentary copies of the 
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Manuscript preparation 

At the time of acceptance, the authors will be requested to provide a technical biography and a photograph of 
each author of the paper (except for Short Notes). The final, camera-ready document should conform to the 
presentation standard set out below. The first page should include the title in Helvetica, 18 point, bold, and 
authors' names and affiliation in Times, 12 point, bold and italics (a sample page can be obtained from the 
address below). 

Submissions, in camera-ready form, should conform to the following rules: 

1) laser-printer quality on one side of A4 paper with margins: left and right- 1.8 cm, top- 2.3 cm, bottom- 1.8 
cm. 

2) text should be in Times Roman, 10 point font, in two column layout with 0.63 cm gap 

3) headings should be left-justified and use Helvetica font varying as follows: 

1 Level One Heading - 14 point bold 

1.1 Level Two Heading - 12 point bold 

1.1.1 Level Three Heading- 10 point bold 

1.1.1.1 Level Four Heading- 10 point italics 

4) A short abstract should be provided, 100 - 200 words, in one column, 10 point Times Roman font, in italics, 
with the abstract keywords in bold. Note that short papers (or short notes) require a shorter abstract of up to 
50 words. 

5) Footnotes should be numbered and should appear, in 9 point Times Roman font, at the bottom of respective 
columns. 

6) Standard abbreviations should be used if possible, and nonstandard abbreviations must be defined before 
being used. All units of measurement should be metric. 

7) Originals for illustrations should be clear and of good quality. Figures should use centred captions in 10 
point Times Roman font, with the words Figure 1 in bold (see sample page). Tables should be numbered using 
upper case Roman numerals, with the table heading (in the same format as for figures) appearing below the 
table. 

8) References should appear as the last section at the end of the paper. They should be sorted by author, and 
numbered with Arabic numerals in square brackets [1] - see the sample page. 

Style for papers: author(s) -surname separated by a comma, followed by the initials, title (between double 
quotes), journal title, volume, inclusive page numbers, month and year. 

Style for books: author(s), title, location, publisher, year, chapter or page numbers (as appropriate). 

For further information please contact: 
Professor Yianni Attikiouzel 
Department of Electrical and Electronic Engineering 
The University of Western Australia 
Nedlands, WA 6907 
Australia 

tel: 09 380 3134 
fax: 09 380 1104 
email: yianni@ee.uwa.edu.au or ajiips@cs.curtin.edu.au 
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